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Preface

The use of pattern recognition and classification is fundamental to many of the
automated electronic systems in use today. Its applications range from military
defense to medical diagnosis, from biometrics to machine learning, from bioinfor-
matics to home entertainment, and more. However, despite the existence of a
number of notable books in the field, the subject remains very challenging, espe-
cially for the beginner.

We have found that the current textbooks are not completely satisfactory for our
students, who are primarily computer science students but also include students
from mathematics and physics backgrounds and those from industry. Their mathe-
matical and computer backgrounds are considerably varied, but they all want to
understand and absorb the core concepts with a minimal time investment to the
point where they can use and adapt them to problems in their own fields. Texts with
extensive mathematical or statistical prerequisites were daunting and unappealing
to them. Our students complained of “not seeing the wood for the trees,” which is
rather ironic for textbooks in pattern recognition. It is crucial for newcomers to the
field to be introduced to the key concepts at a basic level in an ordered, logical
fashion, so that they appreciate the “big picture”; they can then handle progres-
sively more detail, building on prior knowledge, without being overwhelmed. Too
often our students have dipped into various textbooks to sample different
approaches but have ended up confused by the different terminologies in use.

We have noticed that the majority of our students are very comfortable with and
respond well to visual learning, building on their often limited entry knowledge, but
focusing on key concepts illustrated by practical examples and exercises. We
believe that a more visual presentation and the inclusion of worked examples
promote a greater understanding and insight and appeal to a wider audience.

This book began as notes and lecture slides for a senior undergraduate course
and a graduate course in Pattern Recognition at California State University Channel
Islands (CSUCI). Over time it grew and approached its current form, which has
been class tested over several years at CSUCL. It is suitable for a wide range of
students at the advanced undergraduate or graduate level. It assumes only a modest
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background in statistics and mathematics, with the necessary additional material
integrated into the text so that the book is essentially self-contained.

The book is suitable both for individual study and for classroom use for students
in physics, computer science, computer engineering, electronic engineering, bio-
medical engineering, and applied mathematics taking senior undergraduate and
graduate courses in pattern recognition and machine learning. It presents a compre-
hensive introduction to the core concepts that must be understood in order to make
independent contributions to the field. It is designed to be accessible to newcomers
from varied backgrounds, but it will also be useful to researchers and professionals
in image and signal processing and analysis, and in computer vision. The goal is to
present the fundamental concepts of supervised and unsupervised classification in
an informal, rather than axiomatic, treatment so that the reader can quickly acquire
the necessary background for applying the concepts to real problems. A final
chapter indicates some useful and accessible projects which may be undertaken.

We use ImageJ (http://rsbweb.nih.gov/ij/) and the related distribution, Fiji (http://
fiji.sc/wiki/index.php/Fiji) in the early stages of image exploration and analysis,
because of its intuitive interface and ease of use. We then tend to move on to
MATLAB for its extensive capabilities in manipulating matrices and its image
processing and statistics toolboxes. We recommend using an attractive GUI called
Diplmage (from http://www.diplib.org/download) to avoid much of the command
line typing when manipulating images. There are also classification toolboxes
available for MATLAB, such as Classification Toolbox (http://www.wiley.com/
WileyCDA/Section/id-105036.html) which requires a password obtainable from
the associated computer manual) and PRTools (http://www.prtools.org/download.
html). We use the Classification Toolbox in Chap. 8 and recommend it highly for its
intuitive GUIL. Some of our students have explored Weka, a collection of machine
learning algorithms for solving data mining problems implemented in Java and open
sourced (http://www.cs.waikato.ac.nz/ml/weka/index_downloading.html).

There are a number of additional resources, which can be downloaded from the
companion Web site for this book at http://extras.springer.com/, including several
useful Excel files and data files. Lecturers who adopt the book can also obtain
access to the end-of-chapter exercises.

In spite of our best efforts at proofreading, it is still possible that some typos may
have survived. Please notify me if you find any.

I have very much enjoyed writing this book; I hope you enjoy reading it!

Camarillo, CA Geoff Dougherty
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Chapter 1
Introduction

1.1 Overview

Humans are good at recognizing objects (or patterns, to use the generic term). We
are so good that we take this ability for granted, and find it difficult to analyze the
steps in the process. It is generally easy to distinguish the sound of a human voice,
from that of a violin; a handwritten numeral “3,” from an “8”; and the aroma of a
rose, from that of an onion. Every day, we recognize faces around us, but we do it
unconsciously and because we cannot explain our expertise, we find it difficult to
write a computer program to do the same. Each person’s face is a pattern
composed of a particular combination of structures (eyes, nose, mouth, ...)
located in certain positions on the face. By analyzing sample images of faces, a
program should be able to capture the pattern specific to a face and identify (or
recognize) it as a face (as a member of a category or class we already know); this
would be pattern recognition. There may be several categories (or classes) and we
have to sort (or classify) a particular face into a certain category (or class); hence
the term classification. Note that in pattern recognition, the term pattern is
interpreted widely and does not necessarily imply a repetition; it is used to include
all objects that we might want to classify, e.g., apples (or oranges), speech
waveforms, and fingerprints.

A class is a collection of objects that are similar, but not necessarily identical,
and which is distinguishable from other classes. Figure 1.1 illustrates the difference
between classification where the classes are known beforehand and classification
where classes are created after inspecting the objects.

Interest in pattern recognition and classification has grown due to emerging
applications, which are not only challenging but also computationally demanding.
These applications include:

« Data mining (sifting through a large volume of data to extract a small amount of
relevant and useful information, e.g., fraud detection, financial forecasting, and
credit scoring)

G. Dougherty, Pattern Recognition and Classification: An Introduction, 1
DOI 10.1007/978-1-4614-5323-9_1, © Springer Science+Business Media New York 2013
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« Biometrics (personal identification based on physical attributes of the face, iris,
fingerprints, etc.)

¢ Machine vision (e.g., automated visual inspection in an assembly line)

¢ Character recognition [e.g., automatic mail sorting by zip code, automated check
scanners at ATMs (automated teller machines)]

¢ Document recognition (e.g., recognize whether an e-mail is spam or not, based
on the message header and content)

¢ Computer-aided diagnosis [e.g., helping doctors make diagnostic decisions
based on interpreting medical data such as mammographic images, ultrasound
images, electrocardiograms (ECGs), and electroencephalograms (EEGs)]

¢ Medical imaging [e.g., classifying cells as malignant or benign based on the
results of magnetic resonance imaging (MRI) scans, or classify different emo-
tional and cognitive states from the images of brain activity in functional MRI]

¢ Speech recognition (e.g., helping handicapped patients to control machines)

» Bioinformatics (e.g., DNA sequence analysis to detect genes related to particular
diseases)

* Remote sensing (e.g., land use and crop yield)

» Astronomy (classifying galaxies based on their shapes; or automated searches
such as the Search for Extra-Terrestrial Intelligence (SETI) which analyzes
radio telescope data in an attempt to locate signals that might be artificial in
origin)

The methods used have been developed in various fields, often independently.
In statistics, going from particular observations to general descriptions is called
inference, learning [i.e., using example (training) data] is called estimation, and
classification is known as discriminant analysis (McLachlan 1992). In engineer-
ing, classification is called pattern recognition and the approach is nonparametric
and much more empirical (Duda et al. 2001). Other approaches have their origins
in machine learning (Alpaydin 2010), artificial intelligence (Russell and Norvig
2002), artificial neural networks (Bishop 2006), and data mining (Han and Kamber
2006). We will incorporate techniques from these different emphases to give a more
unified treatment (Fig. 1.2).
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1.2 Classification

Classification is often the final step in a general process (Fig. 1.3). It involves
sorting objects into separate classes. In the case of an image, the acquired image is
segmented to isolate different objects from each other and from the background,
and the different objects are labeled. A typical pattern recognition system contains a
sensor, a preprocessing mechanism (prior to segmentation), a feature extraction
mechanism, a set of examples (training data) already classified (post-processing),
and a classification algorithm. The feature extraction step reduces the data by
measuring certain characteristic properties or features (such as size, shape, and
texture) of the labeled objects. These features (or, more precisely, the values of
these features) are then passed to a classifier that evaluates the evidence presented
and makes a decision regarding the class each object should be assigned, depending
on whether the values of its features fall inside or outside the tolerance of that class.
This process is used, for example, in classifying lesions as benign or malignant.

The quality of the acquired image depends on the resolution, sensitivity, bandwidth
and signal-to-noise ratio of the imaging system. Pre-processing steps such as image
enhancement (e.g., brightness adjustment, contrast enhancement, image averaging,
frequency domain filtering, edge enhancement) and image restoration (e.g., photo-
metric correction, inverse filtering, Wiener filtering) may be required prior to segmen-
tation, which is often a challenging process. Typically enhancement will precede
restoration. Often these are performed sequentially, but more sophisticated tasks will
require feedback i.e., advanced processing steps will pass parameters back to preced-
ing steps so that the processing includes a number of iterative loops.
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Fig. 1.4 A good feature, x, measured for two different classes (blue and red) should have small
intra-class variations and large inter-class variations

The quality of the features is related to their ability to discriminate examples
from different classes. Examples from the same class should have similar feature
values, while examples from different classes should have different feature values,
i.e., good features should have small intra-class variations and large inter-class
variations (Fig. 1.4). The measured features can be transformed or mapped into an
alternative feature space, to produce better features, before being sent to the
classifier.

We have assumed that the features are continuous (i.e., quantitative), but they
could be categorical or non-metric (i.e., qualitative) instead, which is often the case
in data mining. Categorical features can either be nominal (i.e., unordered, e.g., zip
codes, employee ID, gender) or ordinal [i.e., ordered, e.g., street numbers, grades,
degree of satisfaction (very bad, bad, OK, good, very good)]. There is some ability
to move data from one type to another, e.g., continuous data could be discretized
into ordinal data, and ordinal data could be assigned integer numbers (although they
would lack many of the properties of real numbers, and should be treated more like
symbols). The preferred features are always the most informative (and, therefore in
this context, the most discriminating). Given a choice, scientific applications will
generally prefer continuous data since more operations can be performed on them
(e.g., mean and standard deviation). With categorical data, there may be doubts
as to whether all relevant categories have been accounted for, or they may evolve
with time.

Humans are adept at recognizing objects within an image, using size, shape,
color, and other visual clues. They can do this despite the fact that the objects may
appear from different viewpoints and under different lighting conditions, have
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Fig. 1.5 Face recognition needs to be able to handle different expressions, lighting, and
occlusions
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Fig. 1.6 Classes mapped as decision regions, with decision boundaries

different sizes, or be rotated. We can even recognize them when they are partially
obstructed from view (Fig. 1.5). These tasks are challenging for machine vision
systems in general.

The goal of the classifier is to classify new data (test data) to one of the classes,
characterized by a decision region. The borders between decision regions are called
decision boundaries (Fig. 1.6).

Classification techniques can be divided into two broad areas: statistical or
structural (or syntactic) techniques, with a third area that borrows from both,
sometimes called cognitive methods, which include neural networks and genetic
algorithms. The first area deals with objects or patterns that have an underlying and
quantifiable statistical basis for their generation and are described by quantitative
features such as length, area, and texture. The second area deals with objects best
described by qualitative features describing structural or syntactic relationships
inherent in the object. Statistical classification methods are more popular than
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structural methods; cognitive methods have gained popularity over the last decade
or so. The models are not necessarily independent and hybrid systems involving
multiple classifiers are increasingly common (Fu 1983).

1.3 Organization of the Book

In Chap. 2, we will look at the classification process in detail and the different
approaches to it, and will look at a few examples of classification tasks. In Chap. 3,
we will look at non-metric methods such as decision trees; and in Chap. 4, we will
consider probability theory, leading to Bayes’ Rule and the roots of statistical
pattern recognition. Chapter 5 considers supervised learning—and examples of
both parametric and non-parametric learning. We will look at different ways to
evaluate the performance of classifiers in Chap. 5. Chapter 6 considers the curse of
dimensionality and how to keep the number of features to a useful minimum.
Chapter 7 considers unsupervised learning techniques, and Chap. 8 looks at ways
to evaluate the performance of the various classifiers. Chapter 9 will consider
stochastic methods, and Chap. 10 will discuss some interesting classification
problems.

By judiciously avoiding some of the details, the material can be covered in a
single semester. Alternatively, fully featured (!!) and with a healthy dose of
exercises/applications and some project work, it would form the basis for two
semesters of work. The independent reader, on the other hand, can follow the
material at his or her own pace and should find sufficient amusement for a few
months! Enjoy, and happy studying!

1.4 Exercises

1. List a number of applications of classification, additional to those mentioned in
the text.

2. Consider the data of four adults, indicating their weight (actually, their mass)
and their health status. Devise a simple classifier that can properly classify all
four patterns.

Weight (kg) Class label
50 Unhealthy
60 Healthy
70 Healthy
80 Unhealthy

How is a fifth adult of weight 76 kg classified using this classifier?
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3. Consider the following items bought in a supermarket and some of their
characteristics:

Item  Cost Volume
no. (&) (cm®) Color Class label

1 20 6 Blue  Inexpensive
2 50 8 Blue  Inexpensive
3 90 10 Blue  Inexpensive
4 100 20 Red Expensive
5 160 25 Red Expensive
6 180 30 Red Expensive

Which of the three features (cost, volume and color) is the best classifier?
4. Consider the problem of classifying objects into circles and ellipses. How would
you classify such objects?

References

Alpaydin, E.: Introduction to Machine learning, 2nd edn. MIT Press, Cambridge (2010)

Bishop, C.M.: Neural Networks for Pattern Recognition. Oxford University Press, Oxford (2006)

Duda, R.O., Hart, P.E., Stork, D.G.: Pattern Classification, 2nd edn. Wiley, New York (2001)

Fu, K.S.: A step towards unification of syntactic and statistical pattern recognition. IEEE Trans.
Pattern Anal. Mach. Intell. 5, 200-205 (1983)

Han, J., Kamber, M.: Data Mining: Concepts and Techniques, 2nd edn. Morgan Kaufmann, San
Francisco (2006)

McLachlan, G.J.: Discriminant Analysis and Statistical Pattern Recognition. Wiley, New York
(1992)

Russell, S., Norvig, P.: Artificial Intelligence: A Modern Approach, 2nd edn. Prentice Hall, New
York (2002)



Chapter 2
Classification

2.1 The Classification Process

A general classification system, without feedback between stages, is shown in Fig. 2.1.

The sensing/acquisition stage uses a transducer such as a camera or a micro-
phone. The acquired signal (e.g., an image) must be of sufficient quality that
distinguishing “features” can be adequately measured. This will depend on the
characteristics of the transducer, but for a camera this would include the following:
its resolution, dynamic range, sensitivity, distortion, signal-to-noise ratio, whether
focused or not, etc.

Pre-processing is often used to condition the image for segmentation. For
example, smoothing of the image (e.g., by convolution with a Gaussian mask)
mitigates the confounding effect of noise on segmentation by thresholding (since
the random fluctuations comprising noise can result in pixels being shifted across a
threshold and being misclassified). Pre-processing with a median mask effectively
removes shot (i.e., salt-and-pepper) noise. Removal of a variable background
brightness and histogram equalization are often used to ensure even illumination.

Depending on the circumstances, we may have to handle missing data (Batista
and Monard 2003), and detect and handle outlier data (Hodge and Austin 2004).

Segmentation partitions an image into regions that are meaningful for a particu-
lar task—the foreground, comprising the objects of interest, and the background,
everything else. There are two major approaches—region-based methods, in which
similarities are detected, and boundary-based methods, in which discontinuities
(edges) are detected and linked to form continuous boundaries around regions.

Region-based methods find connected regions based on some similarity of the
pixels within them. The most basic feature in defining the regions is image gray
level or brightness, but other features such as color or texture can also be used.
However, if we require that the pixels in a region be very similar, we may over-
segment the image, and if we allow too much dissimilarity we may merge what
should be separate objects. The goal is to find regions that correspond to objects as
humans see them, which is not an easy goal.

G. Dougherty, Pattern Recognition and Classification: An Introduction, 9
DOI 10.1007/978-1-4614-5323-9_2, © Springer Science+Business Media New York 2013
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Region-based methods include thresholding [either using a global or a locally
adaptive threshold; optimal thresholding (e.g., Otsu, isodata, or maximum entropy
thresholding)]. If this results in overlapping objects, thresholding of the distance
transform of the image or using the watershed algorithm can help to separate them.
Other region-based methods include region growing (a bottom-up approach using
“seed” pixels) and split-and-merge (a top-down quadtree-based approach).

Boundary-based methods tend to use either an edge detector (e.g., the Canny
detector) and edge linking to link any breaks in the edges, or boundary tracking to
form continuous boundaries. Alternatively, an active contour (or snake) can be
used; this is a controlled continuity contour which elastically snaps around and
encloses a target object by locking on to its edges.

Segmentation provides a simplified, binary image that separates objects of interest
(foreground) from the background, while retaining their shape and size for later
measurement. The foreground pixels are set to “1”’ (white), and the background pixels
set to “0” (black). It is often desirable to label the objects in the image with discrete
numbers. Connected components labeling scans the segmented, binary image and
groups its pixels into components based on pixel connectivity, i.e., all pixels in a
connected component share similar pixel values and are in some way connected with
each other. Once all groups have been determined, each pixel is labeled with a number
(1,2,3,...), according to the component to which it was assigned, and these numbers
can be looked up as gray levels or colors for display (Fig. 2.2).

One obvious result of labeling is that the objects in an image can be readily
counted. More generally, the labeled binary objects can be used to mask the original
image to isolate each (grayscale) object but retain its original pixel values so that its
properties or features can be measured separately. Masking can be performed in
several different ways. The binary mask can be used in an overlay, or alpha channel,
in the display hardware to prevent pixels from being displayed. It is also possible to
use the mask to modify the stored image. This can be achieved either by multiplying
the grayscale image by the binary mask or by bit-wise ANDing the original image
with the binary mask. Isolating features, which can then be measured indepen-
dently, are the basis of region-of-interest (Rol) processing.

Post-processing of the segmented image can be used to prepare it for feature
extraction. For example, partial objects can be removed from around the periphery
of the image (e.g., Fig. 2.2e), disconnected objects can be merged, objects smaller
or larger than certain limits can be removed, or holes in the objects or background
can be filled by morphological opening or closing.
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Fig. 2.2 (a) Original image, (b) variable background [from blurring (a)], (¢) improved image
[=(a) — (b)], (d) segmented image [Otsu thresholding of (c)], (e) partial objects removed from
(d), (f) labeled components image, (g) color-coded labeled components image

2.2 Features

The next stage is feature extraction. Features are characteristic properties of the
objects whose value should be similar for objects in a particular class, and different
from the values for objects in another class (or from the background). Features may
be continuous (i.e., with numerical values) or categorical (i.e., with labeled values).
Examples of continuous variables would be length, area, and texture. Categorical
features are either ordinal [where the order of the labeling is meaningful (e.g., class
standing, military rank, level of satisfaction)] or nominal [where the ordering is not



12

2 Classification

Fig. 2.3 (a) Image and (b) its skeleton (red), with its branch points (white) and end points (green)
circled

meaningful (e.g., name, zip code, department)]. The choice of appropriate features
depends on the particular image and the application at hand. However, they should be:

Robust (i.e., they should normally be invariant to translation, orientation (rota-
tion), scale, and illumination and well-designed features will be at least partially
invariant to the presence of noise and artifacts; this may require some pre-
processing of the image)

Discriminating (i.e., the range of values for objects in different classes should be
different and preferably be well separated and non-overlapping)

Reliable (i.e., all objects of the same class should have similar values)
Independent (i.e., uncorrelated; as a counter-example, length and area are
correlated and it would be wasteful to consider both as separate features)

Features are higher level representations of structure and shape. Structural

features include:

Measurements obtainable from the gray-level histogram of an object (using
region-of-interest processing), such as its mean pixel value (grayness or color)
and its standard deviation, its contrast, and its entropy

The texture of an object, using either statistical moments of the gray-level
histogram of the object or its fractal dimension

Shape features include:

The size or area, A, of an object, obtained directly from the number of pixels
comprising each object, and its perimeter, P (obtained from its chain code)

Its circularity (a ratio of perimeter” to area, or area to perimeter” (or a scaled
version, such as 4TCA/P2))

Its aspect ratio (i.e., the ratio of the feret diameters, given by placing a bounding
box around the object)

Its skeleton or medial axis transform, or points within it such as branch points
and end points, which can be obtained by counting the number of neighboring
pixels on the skeleton (viz., 3 and 1, respectively) (e.g., Fig. 2.3)
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Fig. 2.4 Image containing
nuts and bolts .

e The Euler number: the number of connected components (i.e., objects) minus the
number of holes in the image

« Statistical moments of the boundary (1D) or area (2D): the (m, n)th moment of a 2D
discrete function, f(x, y), such as a digital image with M x N pixels is defined as

M N
My = 21: lemynf(an) 2.1
x=1 y=

where myy is the sum of the pixels of an image: for a binary image, it is equal to its
area. The centroid, or center of gravity, of the image, (i, 1), is given by (m,0/mqo,
Mo1/Mgo). The central moments (viz., taken about the mean) are given by

M N
Hopn = (

=)= 1) y) (2.2)

x=1 y=1
where o and pg, are the variances of x and y, respectively, and pg, is the
covariance between x and y. The covariance matrix, C or cov(x, y), is

C = {Mzo :ull:| 2.3)
Hir Hoz

from which shape features can be computed.

The reader should consider what features would separate out the nuts (some
face-on and some edge-on) and the bolts in Fig. 2.4.

A feature vector, X, is a vector containing the measured features, x;, x5, .. ., X,
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Feature 3
2

Fig. 2.5 Three-dimensional feature space containing two classes of features, class 1 (in gray) and
class 2 (in black)
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Fig. 2.6 Scaling of features
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for a particular object. The feature vectors can be plotted as points in feature space
(Fig. 2.5). For n features, the feature space is n-dimensional with each feature
constituting a dimension. Objects from the same class should cluster together in feature
space (reliability), and be well separated from different classes (discriminating). In
classification, our goal is to assign each feature vector to one of the set of classes {®;}.

If the different features have different scales, it would be prudent to normalize
each by its standard deviation (Fig. 2.6).
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Fig. 2.7 Linear classification, using labeled training sets and two features, results in a linear
decision boundary

The classification stage assigns objects to certain categories (or classes) based on
the feature information. How many features should we measure? And which are the
best? The problem is that the more we measure the higher is the dimension of
feature space, and the more complicated the classification will become (not to
mention the added requirements for computation time and storage). This is referred
to as the “curse of dimensionality.” In our search for a simple, yet efficient,
classifier we are frequently drawn to using the minimum number of “good” features
that will be sufficient to do the classification adequately (for which we need a
measure of the performance of the classifier) for a particular problem. This follows
the heuristic principle known traditionally as Occam’s razor (viz., the simplest
solution is the best) or referred to as KISS (Keep It Simple, Stupid) in more
contemporary language; while it may not be true in all situations, we will adopt a
natural bias towards simplicity.

The prudent approach is to err on the side of measuring more features per object
than that might be necessary, and then reduce the number of features by either (1)
feature selection—choosing the most informative subset of features, and removing
as many irrelevant and redundant features as possible (Yu and Liu 2004) or (2)
feature extraction—combining the existing feature set into a smaller set of new,
more informative features (Markovitch and Rosenstein 2002). The most well-
known feature extraction method is Principal Component Analysis (PCA), which
we will consider fully in Chap. 6.

One paradigm for classification is the learning from examples approach. If a
sample of labeled objects (called the training set) is randomly selected, and their
feature vectors plotted in feature space, then it may be possible to build a classifier
which separates the two (or more) classes adequately using a decision boundary or
decision surface. A linear classifier results in a decision surface which is a hyper-
plane (Fig. 2.7). Again, the decision boundary should be as simple as possible,
consistent with doing an adequate job of classifying. The use of a labeled training
set, in which it is known to which class the sample objects belong, constitutes
supervised learning.
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2.3 Training and Learning

A typical classification problem comprises the following task: given example (or
instance) objects typical of a number of classes (the training set), and classify other
objects (the fest set) into one of these classes. Features need to be identified such
that the in-class variations are less than the between-class variations.

If the classes to which the objects belong are known, the process is called
supervised learning, and if they are unknown, in which case the most appropriate
classes must be found, it is called unsupervised learning. With unsupervised
learning, the hope is to discover the unknown, but useful, classes of items (Jain
et al. 2000).

The process of using data to determine the best set of features for a classifier is
known as training the classifier. The most effective methods for training classifiers
involve learning from examples. A performance metric for a set of features, based
on the classification errors it produces, should be calculated in order to evaluate the
usefulness of the features.

Learning (aka machine learning or artificial intelligence) refers to some form of
adaptation of the classification algorithm to achieve a better response, i.e., to reduce
the classification error on a set of training data. This would involve feedback to
earlier steps in the process in an iterative manner until some desired level of
accuracy is achieved. Ideally this would result in a monotonically increasing
performance (Fig. 2.8), although this is often difficult to achieve.

In reinforcement learning (Barto and Sutton 1997), the output of the system is a
sequence of actions to best reach the goal. The machine learning program must
discover the best sequence of actions to take to yield the best reward. A robot

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Probability of success

Trials or attempts

Fig. 2.8 Idealized learning curve
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navigating in an environment in search of a particular location is an example of
reinforcement learning. After a number of trials, it should learn the correct
sequence of moves to reach the location as quickly as possible without hitting
any of the obstacles. A task may require multiple agents to interact to accomplish a
common goal, such as with a team of robots playing soccer.

2.4 Supervised Learning and Algorithm Selection

Supervised learning is an inductive reasoning process, whereby a set of rules are
learned from instances (examples in a training set) and a classifier algorithm is
chosen or created that can apply these rules successfully to new instances. The
process of applying supervised learning to a real-world problem is outlined in
Fig. 2.9.

Problem

Identification of
required data

—b{ Data pre-processing I

v
oo —bl Definition of training set |
\ 4
—|— —bl Algorithm selection I
\ 4
Parameter Training
tumng ramm;,
Evaluation with
test set
No Yes .
Fig. 2.9 The process of OK? Classifier

supervised learning
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The choice of which specific learning algorithm to use is a critical step. We
should choose an algorithm, apply it to a training set, and then evaluate it before
adopting it for general use. The evaluation is most often based on prediction
accuracy, i.e., the percentage of correct prediction divided by the total number of
predictions. There are at least three techniques which are used to calculate the
accuracy of a classifier

1. Split the training set by using two-thirds for training and the other third for
estimating performance.

2. Divide the training set into mutually exclusive and equal-sized subsets and for
each subset, train the classifier on the union of all the other subsets. The average
of the error rate of each subset is then an estimate of the error rate of the
classifier. This is known as cross-validation.

3. Leave-one-out validation is a special case of cross-validation, with all test
subsets consisting of a single instance. This type of validation is, of course,
more expensive computationally, but useful when the most accurate estimate of
a classifier’s error rate is required.

We will consider ways to estimate the performance and accuracy of classifiers in
Chap. 8.

2.5 Approaches to Classification

There are a variety of approaches to classification:

1. Statistical approaches (Chaps. 4 and 5) are characterized by their reliance on an
explicit underlying probability model. The features are extracted from the
input data (object) and are used to assign each object (described by a feature
vector) to one of the labeled classes. The decision boundaries are determined
by the probability distributions of the objects belonging to each class, which
must either be specified or learned. A priori probabilities (i.e., probabilities
before measurement—described by probability density functions) are
converted into a posteriori (or class-/measurement-conditioned probabilities)
probabilities (i.e., probabilities after measurement). Bayesian networks (e.g.,
Jensen 1996) are the most well-known representative of statistical learning
algorithms.

In a discriminant analysis-based approach, a parametric form of the decision
boundary (e.g., linear or quadratic) is specified, and then the best decision
boundary of this form is found based on the classification of training objects.
Such boundaries can be constructed using, for example, a mean squared error
criterion.

In maximum entropy techniques, the overriding principle is that when
nothing is known, the distribution should be as uniform as possible, i.e., have
maximal entropy. Labeled training data are used to derive a set of constraints for
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Fig. 2.10 Various approaches in statistical pattern recognition

the model that characterizes the class-specific expectations for the distribution
(Csiszar 1996).

Instance-based learning algorithms are lazy-learning algorithms (Mitchell
1997), so-called because they delay the induction or generalization process
until classification is performed. Lazy-learning algorithms (Aha 1998; De
Mantaras and Armengol 1998) require less computation time during the training
phase than eager-learning algorithms (such as Bayesian networks, decision trees,
or neural networks) but more computation time during the classification process.
One of the most straightforward instance-based learning algorithms is the
nearest neighbor algorithm.

The relationship between a number of statistical pattern recognition methods
is shown in Fig. 2.10. Moving from top to bottom and left to right, less
information is available and as a result, the difficulty of classification increases.

. Nonmetric approaches (Chap. 3): decision trees, syntactic (or grammatical)

methods, and rule-based classifiers.

It is natural and intuitive to classify a pattern by asking a series of questions,
in which the next question depends on the answer to the previous question. This
approach is particularly useful for nonmetric (or categorical) data, because the
questions can be posed to elicit “yes/no” or “true/false” answers, although it can
also be used with quantitative data. The sequence of questions can be displayed
as a decision tree in the form of a tree structure (Fig. 2.11), which has decision
nodes that ask a question and have branches for each possible answer (outcome).
These are connected until we reach the terminal or leaf node which indicates the
classification.

In the case of complex patterns, a pattern can be viewed as a hierarchical
composite of simple sub-patterns which themselves are built from yet simpler
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Fig. 2.11 A decision tree (the decision nodes are colored blue, and the leaf nodes orange)

sub-patterns (Fu 1982). The simplest sub-patterns are called primitives, and the
complex pattern is represented in terms of relationships between these primitives
in a way similar to the syntax of a language. The primitives are viewed as a
language, and the patterns are sentences generated according to a certain gram-
mar (i.e., set of rules) that is inferred from the available training samples. This
approach is appealing in situations where patterns have a definite structure which
can be coded by a set of rules (e.g., ECG waveforms, texture in images).
However, difficulties in segmentation of noisy images to detect the primitives
and the inference of the grammar from training data often impede their imple-
mentation. The syntactic approach may yield a combinatorial explosion of
possibilities to be investigated, requiring large training sets and huge computa-
tional efforts (Perlovsky 1998).

. Cognitive approaches, which include neural networks and support vector

machines (SVMs).

Neural networks are based on the organization of the human brain, where
nerve cells (neurons) are linked together by strands of fiber (axons). Neural
networks are massively parallel computing systems consisting of a huge number
of simple processors with many interconnections. They are able to learn com-
plex non-linear input—output relationships and use sequential training
procedures. However, in spite of the seemingly different underlying principles,
most of the neural network models are implicitly similar to statistical pattern
recognition methods (Anderson et al. 1990; Ripley 1993). It has been pointed out
(Anderson et al. 1990) that “neural networks are statistics for amateurs . .. Most
NN conceal the statistics from the user”.

Support Vector Machines, SVMs (Cristianini and Shawe-Taylor 2000), rep-
resent the training examples as points in p-dimensional space, mapped so that the
examples of the data classes are separated by a (p — 1)-dimensional hyperplane,
which is chosen to maximize the “margins” on either side of the hyperplane
(Fig. 2.12).
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Fig. 2.12 A linear SVM in X .
2D feature space. H1 [ 1 ]
separates the two classes with
a small margin, but H2
separates them with the
maximum margin (H3
doesn’t separate the two
classes at all)

2.6 Examples

2.6.1 Classification by Shape

Figure 2.13a is an image containing both bolts and nuts, some of which lie on their
sides. We should be able to distinguish (and therefore classify) the objects on the
basis of their shape. The bolts are long, with an end piece, and the nuts either have a
hole in them (the “face-on” nuts) or are short and linear (the “end-on” nuts). In this
case, pre-processing was not required and automatic segmentation (using Otsu
thresholding) produces a simplified, binary image (Fig. 2.13b).

The skeleton of this image shows the essential shape differences between the
bolts and the two types of nut (Fig. 2.13c). A skeleton comprises pixels which
can be distinguished on the basis of their connectivity to other pixels on the
skeleton: end pixels (which have only one neighboring pixel on the skeleton), link
pixels (which have two neighbors), and branch pixels (which have three
neighbors). Because of their characteristic shape, only the skeletons of the
bolts will have branch pixels. If they are used as a seed image, and conditionally
dilated under the condition that the seed image is constrained to remain within
the bounds of a mask image (the original binary image, Fig. 2.13b), then an image
of the bolts alone results (Fig. 2.13d). The nuts can now be obtained (Fig. 2.13e)
by logically combining this figure with the original binary figure (using
(Fig. 2.13b AND (NOT Fig. 2.13d)). The nuts and bolts can then be joined in a
color-coded image (Fig. 2.13f), which presents the nuts and bolts in different
pseudocolors.
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Fig. 2.13 (a) Original image, (b) after Otsu thresholding, (c) after subsequent skeletonization,

(d) after conditionally dilating the branch pixels from (c), (e) after logically combining (b) and (d),
(f) color coding the nuts and bolts
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2.6.2 Classification by Size

An alternative approach to separating the nuts and bolts involves measuring
different feature properties, such as the area, perimeter, or length. If we measure
the area of the labeled objects in the segmented image (Fig. 2.14a) by counting the
pixels belonging to each label and plot these values in one dimension (Fig. 2.14b),
then we can see that the nuts and bolts are well discriminated on the basis of area
with the bolts having larger areas. There are three clusters, comprising the bolts
with the highest areas, followed by the face-on nuts with intermediate areas, and the
edge-on nuts with the lowest areas. If the objects are then re-labeled with their area
values (Fig. 2.14c¢), that image (or the “area” feature) can be thresholded to show
just the bolts (Fig. 2.14d): in this particular case, a threshold of 800 (viz., an area of
800 pixels) would work well, although auto-thresholding, using either the isodata
(Dubes and Jain 1976) or Otsu (Otsu 1979) algorithm, for example, is preferable
since that will preserve generality. The nuts can then be found by logically
combining this image with the segmented nuts-and-bolts image as before. Only
one feature (area) is used to discriminate the two classes, that is, the feature space
(Fig. 2.14b) is one-dimensional.
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Fig. 2.14 (a) Segmented, labeled image (using Fig. 2.13a), (b) one-dimensional feature space
showing the areas of the features, (c¢) the features “painted” with grayscales representing their
measured areas, and (d) after thresholding image (c) at a value of 800

The two alternative measures, shape and size, could be tested for robustness on
other images of nuts and bolts to see which performs better.

2.6.3 More Examples

Figure 2.15a is an image containing a number of electronic components, of different
shapes and sizes (the transistors are three-legged, the thyristors are three-legged
with a hole in them, the electrolytic capacitors have a round body with two legs, and
the ceramic capacitors are larger than the resistors). A combination of the shape and
size methods can be used to separate the objects into their different classes
(Fig. 2.15b).

Similar techniques have been used to classify the fruit in Fig. 2.16 into three different
classes. Think about the features that would be most discriminating in this case.
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Fig. 2.15 (a) Electronic components (b) classified according to type, using shape and size

Fig.2.16 Objects have been classified into three classes of fruit, and outlines superimposed on the
original image

Circularity can distinguish the bananas from the other two fruit: size (or, perhaps
texture, but not color in this grayscale image) could be used to distinguish the apples
from the grapefruit. The single-pixel outlines of the fruit can be obtained from
subtracting the segmented image from a dilated version of itself, and colored outlines
have then been overlaid on the original image.
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Fig. 2.17 (a) Letters A through E (b) shape factors used to classify them and (c) the resulting
color-coded image

2.6.4 Classification of Letters

In Fig. 2.17a the letters A through E appear in different fonts, orientations and sizes,
but are distinguished by shape factors (Euler number, aspect ratio, and circularity)
which are invariant to size, position, and orientation. These can be used to classify
the letters and color code them (Fig. 2.17b). This is an example of a decision tree
(Fig. 2.17¢), with three levels. It is important to design the system so that the most
easily measured features are used first, to minimize the time for the overall
identification (see Chap. 3). The decision values of the features for each letter
were determined experimentally, by measuring several examples of each letter.

One of the disadvantages to such systems is that the addition of another class
(e.g., the letter F) does not simply add another step to the process, but may
completely reshuffle the order in which the rules are applied, or even replace
some of the rules with others.

2.7 Exercises

1. Discuss the invariance of shape features to translation, rotation, scaling, noise,
and illumination. Illustrate your answer with specific examples of features.

2. Explain the following terms (1) a pattern, (2) a class, (3) a classifier, (4) feature

space, (5) a decision rule, and (6) a decision boundary.

. What is a training set? How is it chosen? What influences its desired size?

4. There are two cookie jars: jar 1 contains two chocolate chip cookies and three plain
cookies, and jar 2 contains one chocolate chip cookie and one plain cookie. Blind-
folded Fred chooses a jar at random and then a cookie at random from that jar. What
is the probability of him getting a chocolate chip cookie? (Hint: use a decision tree).

W
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Chapter 3
Nonmetric Methods

3.1 Introduction

With nonmetric (i.e., categorical) data, we have lists of attributes as features rather
than real numbers. For example, a fruit may be described as {(color=) red,
(texture=), shiny, (taste=) sweet, (size=) large} or a segment of DNA as a
sequence of base pairs, such as “GACTTAGATTCCA.” These are discrete data,
and they are conveniently addressed by decision trees, rule-based classifiers, and
syntactic (grammar-based) methods.

3.2 Decision Tree Classifier

A decision tree is a simple classifier in the form of a hierarchical tree structure,
which performs supervised classification using a divide-and-conquer strategy. It
comprises a directed branching structure with a series of questions (Fig. 3.1), like
the Twenty Questions game. The questions are placed at decision nodes; each tests
the value of a particular attribute (feature) of the pattern (object) and provides a
binary or multi-way split. The starting node is known as the root node, which is
considered the parent of every other node. The branches correspond to the possible
answers. Successive decision nodes are visited until a terminal or leaf node is
reached, where the class (category) is read (assigned). (The decision tree is an
upside-down tree, with the root at the top and the leaves at the bottom!). Classifica-
tion is performed by routing from the root node until arriving at a leaf node. The tree
structure is not fixed a priori but the tree grows and branches during learning
depending on the complexity of the problem.

Figure 3.2 is an example of a three-level decision tree, used to decide what to do
on a Saturday morning. Suppose, for example, that our parents haven’t turned up
and the sun is shining; the decision tree tells us to go off and play tennis. Note that
the decision tree covers all eventualities: there are no values that the weather, our
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Fig. 3.1 A (two-level)
decision tree for determining
whether to play tennis. We
have used elliptical shapes for
the decision nodes (including
the root node) and
rectangular shapes for the
leaf nodes

Fig. 3.2 A three-level
decision tree for determining
what to do on a Saturday
morning

3 Nonmetric Methods
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for in the decision tree.

Decision trees are more general than representations of decision-making pro-
cesses. By rephrasing the questions, they can be applied to classification problems.
An advantage of the decision tree classifier is that it can be used with nonmetric/
categorical data, including nominal data with no natural ordering (although it can
also be adapted to use quantitative data). Another benefit is its clear interpretability,
providing a natural way to incorporate prior knowledge (and it is straightforward to
convert the tests into logical expressions). Decision trees, once constructed, are
very fast since they require very little computation.
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The decision tree is easy to use; the more interesting question is how to construct
the tree from training data (records), after having chosen a set of discriminating
features. In principle, there are exponentially many decision trees that can be
constructed from a given set of features. While some of the trees will be more
accurate than others, finding the optimal tree is not computationally feasible.
Nevertheless, a number of efficient algorithms have been developed to create or
“grow” a reasonably accurate, albeit suboptimal, decision tree in a reasonable
amount of time. These algorithms usually employ a greedy strategy that grows
the tree using the most informative attribute (feature) at each step and does not
allow backtracking. The most informative attribute will be the one which splits the
set arriving at the node into the most homogeneous subsets.

3.2.1 Information, Entropy, and Impurity

Information can be thought of as the reduction of uncertainty, and informative
attributes will be the ones that result in the largest reduction of uncertainty. The
information content of a single message state in units of information is given by:

I(E) = logPL = —logP(E) 3.1

where P(E) is the prior probability of occurrence of the message. Intuitively, the
amount of information carried by a message is inversely related to the probability of
its occurrence. Messages with a high probability of occurring carry little informa-
tion, and conversely, messages that are least expected carry most information. If
only two events are possible (0 and 1), the base of the logarithm in (3.1) is 2, and the
resulting unit of information is the biz. If the two events are equally likely [P(E)
= P,(E) = ] then I(E,) = I(E,) = —log, (*5) = 1 bit, i.e., 1 bit of information is
conveyed when one of the two possible equally likely events occurs. However, if
the two possible events are not equally likely [for example, P{(E) = % and
P>(E) = %], then the information conveyed by the less common event [[(E;) =
—log, (4) = 2] is greater than that conveyed by the more common event [/(E;) =
—log, (%4) = 0.415]. (Taking logs to the base 2 is less familiar to us, but remember
that logoN = logoN/10g102).

Entropy is a measure of the disorder or unpredictability in a system. (It is used
for discrete variables, whereas variance would be the metric for continuous
variables). Given a binary (two-class) classification, C, and a set of examples, S,
the class distribution at any node can be written as (po, p1), where p; = 1 — p,, and
the entropy, H, of S is the sum of the information:

H(S) = —pologypo — pilogypi (3.2)
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a 10 b 10 c 10
attribute attribute
A B
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Entropy = 1 Entropy =0.97 Entropy =0
Highest impurity High impurity impurity =0
Useless classifier Poor classifier Good classifier

Fig. 3.3 Comparison of three decision nodes based on different attributes

If the attribute results in a classification that separates the examples into (0.5,
0.5) (as in Fig. 3.3a), the entropy (uncertainty) of that feature is at a maximum
(equal to 1.0). This is not a useful attribute. If another attribute splits the examples
into (0.6, 0.4), the entropy relative to this new classification is —0.6 log,0.6 — 0.4
log,0.4 = 0.97 (Fig. 3.3b). If all the test examples of a third attribute are of the
same class [i.e., the split is (0, 1) or (1, 0) as in Fig. 3.3c], then the entropy
(uncertainty) of that feature is zero and it provides good classification.

Entropy can be thought of as describing the amount of impurity in a set
of features at a node. The smaller the degree of impurity, the more skewed the
class distribution (and the more useful is the node). For example, a node with class
distribution (0, 1) has zero impurity (and zero entropy) and is a good classifier;
whereas a node with uniform class distribution (0.5, 0.5) has the highest impurity
(and entropy = 1) and is a useless classifier.

In the general case, the target attribute can take on ¢ different values (viz., a
multi-way split) and the entropy of S relative to this c-wise classification is given by

H(p) == pilog,p; (3.3)
i=1

where p; is the proportion of S belonging to class i. Note that the base of the
logarithm is still 2, since we are continuing to measure the entropy in bits; and note
that the maximum possible entropy relative to this attribute is log,c.

Other impurity measures, which can be used to determine the best way to split a
series of records include the Gini impurity and the classification error:

Gini(p) =1 - > p/ (3.4)
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Fig. 3.4 Impurity measures for binary classification

classification error(p) = 1 — max(p;) (3.5)

(the Gini impurity is actually the expected error rate if the class label is selected
randomly from the class distribution present).

The values of these impurity measures for binary classification are shown in
Fig. 3.4. All three measures attain a maximum value for a uniform distribution
(p = 0.5), and a minimum when all the examples belong to the same class (p = 0
or 1). A disadvantage of the classification error is that it has a discontinuous
derivative, which may be a problem when searching for an optimal decision over a
continuous parameter space.

3.2.2 Information Gain

We now return to the problem of trying to determine the best attribute to choose for
each decision node of the tree. The decision mode will receive a mixed bag of
instances, and the best attribute will be the one that best separates them into
homogeneous subsets (Fig. 3.5). The measure we will use is the gain, which is
the expected reduction in impurity caused by partitioning the examples according to
this attribute. More precisely, the gain, Gain(S, A), of an attribute A, relative to a
collection of samples S, is defined as:
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Fig. 3.5 Different attributes splitting a mixture of instances. Attribute C provides the purest split
and is the best attribute to use for classification

k
Gain(S,A) = Impurity(S Z ||§i|lmpur1ty Vi) (3.6)
=1

where the attribute A has a set of values {v{, v5, v3 ... ¥}, and the number of
examples within S with the value v; is IS,;l. The first term is just the impurity of the
original collection S and the second term is the expected value of the impurity after
S is partitioned using attribute A. The second term is simply the sum of the
impurities of each subset S,;, weighted by the fraction of examples that belong to
S,:. If entropy is used as the measure of impurity, then the gain is known as the
information gain.

Example 3.1 Using the Gini index to find the gain

With reference to Fig. 3.6, there are two attributes, A and B, which can be used to
split the data (comprising 12 instances) into smaller subsets. Before splitting
(i.e., the parent node), the Gini index is 0.5 since there is an equal number of
cases from both classes.

If attribute A is chosen to split the data, the Gini index for node N, is 0.4898
(e, 1 — [(4/7)* + (3/7)°] = 24/49) and for node N, it is 0.480 (i.e.,
1 — [(2/5)* + (3/5)*] = 12/25). The weighted average for the two descendant
nodes is (7/12) x 0.4898 + (5/12) x 0.480 = 0.486.

Similarly, if we use attribute B, the weighted average of the Gini index for
attribute B is 0.375.

Since the subsets for attribute B have a smaller Gini index (i.e., smaller
impurity), it is preferred to attribute A. [Or the gain in using attribute B is larger
(0.5 — 0.375 = 0.125) than the gain in using attribute A (0.5 — 0.486 = 0.014).]

(continued)
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Fig. 3.6 Splitting binary attributes

This basic algorithm, the ID3 algorithm (Quinlan 1986), employs a top-down,
greedy search through the space of possible decision trees. (The name ID3 was
given because it was the third in a series of “interactive dichotomizer” procedures.)

Table 3.1.

Example 3.2 Using the ID3 algorithm to build a decision tree.

Suppose we want to train a decision tree using the examples (instances) in

Table 3.1 Examples of decisions made over the past ten weekends

Examples Weather Parents visiting? Money Decision (category)
1 Sunny Yes Rich Cinema
2 Sunny No Rich Tennis

3 Windy Yes Rich Cinema
4 Rainy Yes Poor Cinema
5 Rainy No Rich Stay in

6 Rainy Yes Poor Cinema
7 Windy No Poor Cinema
8 Windy No Rich Shopping
9 Windy Yes Rich Cinema
10 Sunny No Rich Tennis

(continued)
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(continued)

The first thing is to find the attribute for the root node. To do this, we need to
calculate the entropy, H(S), before any splitting. Using (3.3), this comes to
S = 1.571 [viz., —0.6 10g,0.6 — 0.2 log,0.2 — 2 x (0.1 log,0.1)].

Then we need to determine the values of Gain(S, parents), Gain(S, weather),
and Gain(S$, money), using (3.6):

Gain(S, parents) = 1.571 — (|Syes|/10) x Entropy(Syes) — (|Sno|/10)
x Entropy(Spe) = 1.571 — (0.5) x 0 — (0.5) x (1.922) = 0.61

If “parents coming?” is the node, then five instances will go down the “Yes”
branch (and then will all be class “cinema,” with an entropy of zero: this would
be a terminal node) and five will go down the “No” branch [and they will
comprise two “tennis,” one “stay-in,” one “cinema,” and one “shopping”: the
entropy of this node is —0.4 log,0.4 — 3x(0.2 1og,0.2), which is 1.922].

Gain(S, weather) = 1.571 — (|Squn|/10) x Entropy(Ssun) — (|Swina|/10)
x Entropy(Swind) — (|Srain|/10) x Entropy(Syain)
= 1.571 — (0.3) x (0.918) — (0.4) x (0.8113) — (0.3)
% (0.918) = 0.70

Gain(S, money) = 1.571 — (|Sricn|/10) x Entropy(Srich)

— (!Spoor‘/IO) x Entropy (Spoor)
= 1.571 — (0.7) x (1.842) — (0.3) x 0 = 0.2816

This means that the weather attribute, with its three branches, should be the
first (root) node (Fig. 3.7a).

Now we look at the branches. For the sunny branch, Sgu,y = {1, 2, 10}.
Since the classes (cinema, tennis, and tennis respectively) are not the same, we
will need another decision node here (Fig. 3.7b). The same situation occurs for
the other two branches (where Syingy = {3, 7, 8, 9}, and Sy.iny = {4, 5, 6}).

Returning to the sunny branch, we are only interested in the three examples
{1,2, 10} and we set S to be Ssunny, from which H(S) turns out to be 0.918 (viz.,
—0.1 log,0.1 — 0.2 log,0.2), since two examples end up together (as “tennis”)
and one ends up on its own (as “cinema”). We now need to calculate Gain
(Ssunny» parents) and Gain(Synny, Mmoney):

Gain(Ssunny, parents) = 0.918 — (|Syes|/|S]) X Entropy (Syes) — (|Snol/[SI)
x Entropy(Spo)
= 0.918 — (1/3) x 0 — (2/3) x 0 = 0.918

(continued)
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(continued)

Gain (Ssunny, money) = 0.918 — (|Syicn|/[S|) x Entropy(Srich)

~ (| Spoor/1S1) x Entropy (Spoor)
= 0.918 — (3/3) x 0.918 — (0/3) x 0 =0

Note that Entropy(Sy.s) and Entropy(Sy,) are both zero, because both Sy, and
Sno contain examples which are all in the same category (cinema and tennis,
respectively). Hence, the parents attribute should be chosen next. It has two
branches for “Yes” and “No”: the “Yes” branch contains a single example {1},
and the “No” branch contains two examples, {2, 10} which are in the same class.
Hence both these branches end at leaf nodes (Fig. 3.7¢).

The rest of the tree is left as an exercise for the reader!

Weather

Cinema ‘ Tennis

Fig. 3.7 Stages in building a decision tree

3.2.3 Decision Tree Issues

There are a number of issues arising with decision trees

¢ Decision trees partition feature space into disjoint regions, with decision boundaries

that are rectilinear and parallel to the feature axes (Fig. 3.8).
Oblique decision trees can be used to overcome this limitation by using test
conditions such as wyx; + wixs + wyg > 0, where x; and x, are the features,
wip and wy, are weights, and wy is a bias or threshold value (Fig. 3.9).
The decision tree is now a linear, multivariate tree. If these test conditions occur
near the top of the tree, and the training set is large, then training can be slow.

*  When should we stop splitting during training? If we continue splitting too far,
the data will be overfir. In the extreme, each terminal (or leaf) node will
correspond to a single training point and the full tree is merely a look-up table,
which cannot be expected to generalize well to (noisy) test data. Conversely, if
splitting is stopped too early, then the error on the training data is not sufficiently
low and performance with test data will suffer.
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Fig. 3.8 (a) A decision tree and (b) the resulting decision boundaries in feature space
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Fig. 3.9 (a) An oblique decision tree and (b) the resulting decision boundary in feature space

The training and test error rates are large when the tree is very small. This
situation is known as underfitting: the model has yet to learn the true structure of the
data. As the number of nodes in the tree increases, it will have fewer training and
test errors (Fig. 3.10). However, once the tree becomes large, its test error rate
begins to increase even though its training error rate continues to fall. This is known
as overfitting, where the tree contains some nodes that accidentally fit noisy points
in the training data but do not generalize to the test data.

One way to decide when to stop splitting is by using validation or cross-
validation. In validation, the tree is trained using a subset of the data (e.g., 90%)
with the remaining (10%) kept as a validation set. We continue splitting until the
error in the validation set is minimized. (In cross-validation several independently
chosen subsets are used.)
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Fig. 3.10 Training and test error rates: a typical example. To avoid overfitting, the tree can be
post-pruned; an appropriate pruning level is indicated

Another method is to stop splitting when the reduction in impurity falls below a
certain threshold, or when a node represents less than a certain number of points
(e.g., 5% of the total training set).

If the tree is grown too large, it can be pruned by trimming in a bottom-up
fashion (Fig. 3.10). All pairs of neighboring leaf nodes (i.e., ones linked to a
common parent) are considered for elimination. Any pair whose elimination
results in a satisfactory (small) increase in impurity is eliminated, and the com-
mon parent node becomes a leaf node. (This node could then itself be pruned.)
Pruning is incorporated in a successor to the ID3 algorithm known as C4.5
(Quinlan 1993), and in a modification of that, the J48 algorithm (Witten and
Frank 2005).

¢ In certain cases, the available data may be missing values for some attributes.
In such cases, it is common to estimate the missing attribute value based on other
examples for which this attribute has a known value.

Consider the situation in which the gain is to be calculated at a node in the
decision tree to evaluate whether the attribute A is the best attribute to test at this
decision node, and that the value A(x) is unknown for one of the training
samples. One strategy would be to assign it the value that is most common
among training examples at this node. Alternatively, we might assign it the most
common value among examples at this node that have the same classification.

A second, more complex, procedure is to assign a probability to each of the
possible values of A rather than simply assigning the most common value to A(x).
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These probabilities can be estimated again based on the observed frequencies of
the various values for A among the examples at the particular node. For
example, given a Boolean attribute A, if the node contains six known examples
with A = 1 and four with A = 0, then we would say the probability that A
(x) =1 is 0.6, and the probability that A(x) = 0 is 0.4. A fractional 0.6 of
instance x is now distributed down the branch for A = 1 and a fractional 0.4 of x
down the other tree branch. These fractional examples are used for the purpose
of computing the gain and can be further subdivided at subsequent branches of
the tree if a second missing attribute value must be tested. This same fractioning
of examples can also be applied after learning to classify new instances whose
attribute values are unknown. In this case, the classification of the new instance
is simply the most probable classification, computed by summing the weights of
the instance fragments classified in different ways at the leaf nodes of the tree.
This method for handling missing attribute values is incorporated in the C4.5
(Quinlan 1993) and J48 (Witten and Frank 2005) algorithms.

e When comparing binary splits with multi-way splits, the multi-way split is
inherently favored. To avoid this, the gains should be normalized by dividing
by —X p; log; p; (summed over the number of splits, k): if each attribute has the
same number of cases, then p; = 1/k and the normalizing factor is log, k. With
multi-way splits, it is important to ensure that there are sufficient numbers of
cases associated with each choice in order to make reliable predictions.

e With binary splits of continuous data, we have to decide the best value of the
threshold at which the split is to occur, i.e., the threshold value that produces
the greatest information gain. This could be achieved by histogramming the
data (in which case a bin width has to be chosen), computing the Gini index
for all the possible splits, and choosing the split that produces the smallest
Gini index.

3.2.4 Strengths and Weaknesses

Decision trees are easy to understand, do not require much computation when
performing classification, and provide a clear indication of which attributes (fields)
are most important. They are most useful for categorical data but can be adapted to
handle continuous data.

On the other hand, they are prone to errors when there are many classes and a
relatively small number of training examples. They can be computationally expen-
sive to train, and pruning is also computationally expensive. They tend to give
rectangular decision regions, unless more computationally expensive strategies
are used.
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3.3 Rule-Based Classifier

In problems where classes can be characterized by general relationships, rather than
just by examples (instances), it becomes attractive to build classifiers based on
rules. Humans generally like explanations for most decisions, and sometimes there
are legal and ethical requirements for this (e.g., rejection of a credit card applica-
tion, medical diagnosis).

It is possible to extract rules from a decision tree. Each path from root to a leaf
can be written down as a series of IF. . THEN rules. For example, the left-most path
in Fig. 3.1 would lead to the rule IF (outlook = sunny) AND (humidity = high)
THEN do not play tennis. When more than one leaf is labeled with the same class,
then the paths can be combined with a logical OR. It may be possible to prune the
resulting rules, although they may not be able to be written back as a tree after that.

Another way is to learn the rules directly from the data. Such rule induction is
similar to decision tree induction except that rule induction does a depth-first search
and generates one rule (path) at a time, whereas tree induction goes breadth-first and
generates all paths simultaneously.

Rules are learned one at a time. Each rule is a combination of conditions, which
are added one at a time to minimize some criterion (such as entropy). Once a rule is
grown and pruned, it is added to the rule base and all the training examples covered
by that rule are removed from the training set: and the process continues until enough
rules are generated. There is an outer loop of adding one rule at a time to the rule base
and an inner loop of adding one condition at a time to the current rule. Both steps are
greedy, and do not guarantee optimality; and both loops incorporate pruning for
better generalization. An example of a rule-induction algorithm is Ripper (Cohen
1995), which is based on an earlier algorithm /rep (Furnkranz and Widmer 1994). It
is well suited for handling datasets with imbalanced class distributions.

Rule-based classifiers give comparable performance to the decision tree classifier.
They create rectilinear partitions similar to those created by (non-oblique) decision
trees. Nevertheless, if the rule-based classifier allows multiple rules to be triggered for
a given example, then a more complex decision boundary can be constructed.

3.4 Other Methods

Ordered sequences or strings of discrete items, as in a sequence of letters in an English
word or a DNA sequence, such as “AGCTTGGCATC” (where A, G, C, and T stand for
the nucleic acids adenine, guanine, cytosine, and thymine, respectively), are nominal
elements. The strings can be of different lengths and there is no obvious distance
metric. String matching involves finding whether a sub-string appears in a string for a
particular shift of characters. An edit distance, based on the nearest neighbor distance
(Chap. 5), can be invoked to measure the similarity or difference between two strings.
Such an edit distance describes how many fundamental operations (substitution,
insertion, or deletion of a character) are required to transform one string into another.



40 3 Nonmetric Methods

e X h a u s t e d

o (v S |0 | |m

Fig. 3.11 The edit distance calculation for strings x and y can be illustrated in a table. (A gray
arrow indicates no change. A black diagonal arrow indicates substitution, and a black horizontal
arrow an insertion)

For example, the string x = “excused” can be transformed into the string y = “
exhausted” using one substitution and two insertions (Fig. 3.11). If these operations
are equally costly, then the edit distance is 3.

The sequence of characters may be generated according to particular structural
rules, viz., grammar. An example would be valid telephone numbers, with interna-
tional, national, and local codes. Often this structure is hierarchical, with “noun”
and “verb” phrases. Grammatical methods can be used to provide constraints and
improve accuracy. For example, an optical character recognition (OCR) system that
recognizes and interprets mathematical equations based on a scanned pixel image
can have particular “slots” which can be filled by only a limited set of symbols.

The string generated by a set of rules is referred to as a sentence; and the rules are
specified by a grammar. In pattern recognition, we are given a sentence and a
grammar and seek to determine whether the sentence was generated by the gram-
mar. The general process is known as parsing. Many parsing methods depend on
the model underlying the grammar. One popular such model is finite-state
machines.

3.5 Exercises

1. Suppose that the probability of five events are P(1) = 0.5, and P(2) = P(3) =
P (4)= P(5) = 0.125. Calculate the entropy. Explain in words what this means.

2. Three binary nodes, Ny, N,, and N3, split examples into (0, 6), (1,5), and (3,3),

respectively. For each node, calculate its entropy, Gini impurity, and classifica-
tion error.

. Build a decision tree that computes the logical AND function.

4. Imagine that there are four things that you like to do in the evening: going to a
pub, watching TV, going to a party, or studying (!). The choice is sometimes
made for you—if you have an assignment due the next day, you need to study, if
you’re feeling lazy then the pub isn’t for you, and if there isn’t a party then you
can’t go to it. You are looking for a decision tree which will help you decide what
to do each evening. Here is a list of everything you’ve done in the past 10 days.

W
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Deadline? Is there a party? Lazy? Activity
Urgent Yes Yes Party
Urgent No Yes Study
Near Yes Yes Party
None Yes No Party
None No Yes Pub
None Yes No Party
Near No No Study
Near No Yes TV
Near Yes Yes Party
Urgent No No Study

(The first thing to do is to work out which feature to use as the starting (root)
node. For this you need to compute the entropy, and then find out which feature
has the maximal information gain).

. Write out the steps in the ID3 algorithm in pseudo code.

6. Consider the training data from the alphabet A = {a, b, c}:

9,1

wl w2 3
aabbc Bcceba caaaa
ababcc Bbbca cbcaab
babbcc cbbaaaa baaca

Use the edit distance to classify each of the following strings [if there are
ambiguities in the classification, state which two (or all three) categories are
candidates]: “abacc,” “abca,” “ccbba,” “bbaaac”
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Chapter 4
Statistical Pattern Recognition

4.1 Measured Data and Measurement Errors

It is unrealistic to expect that data will be perfect. There may be problems related to
human error (e.g., transcription errors), limitations of the measuring sensors (e.g.,
limited resolution), or flaws in the data collection process (e.g., missing values).

Measured data comes with a margin of error or uncertainty. The term measure-
ment error refers to any problem resulting from the measurement process. In
statistics and experimental sciences, this error is measured by precision (repeatabil-
ity or random error—the closeness of repeated measurements of the same feature to
one another) and accuracy (systematic error—a fixed bias in all the measurements),
as shown in Fig. 4.1. Data may be subject to various amounts of one or both of these
types of errors, as illustrated by darts around a bull’s eye (Fig. 4.2).

Probability theory helps us to model random error and is therefore a solid basis
for classifier design [Systematic error requires that the actual (true) values are
known by some external means].

4.2 Probability Theory

4.2.1 Simple Probability Theory

If A, B, C, ... are events, the probability of these events can be denoted by a real
number between 0 and 1, viz., P(A), P(B), P(C), . .. (The probability is linked to the
relative frequency of that event happening, i.e., an experiment is observed a large
number of times (N), and if event A occurs M times then P(A) = M/N).

A Venn diagram can be used to illustrate these events, where the whole area
represents the sample space, S (the set of all possible outcomes). If A and B are

G. Dougherty, Pattern Recognition and Classification: An Introduction, 43
DOI 10.1007/978-1-4614-5323-9_4, © Springer Science+Business Media New York 2013



44 4 Statistical Pattern Recognition

Reference value

4
Probability
density Accuracy
Value
+——p
Precision

Fig. 4.1 Diagram illustrating precision and accuracy
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Fig. 4.2 Showing data with large (and small) errors in precision and accuracy

mutually exclusive (i.e., they cannot occur simultaneously) they are shown as
in Fig. 4.3a. The probability that either A or B occur is denoted by P(A or B)
(or P(AUB)), which is given by

P(A or B) = P(A) + P(B) (4.1)
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as b

A AND 2

Fig. 4.3 Venn diagrams if events A and B are (a) mutually exclusive (nonoverlapping) and (b) not
mutually exclusive (overlapping)

If events A and B can occur simultaneously, then a more general relationship holds
P(AorB)=P(A)+ P(B) — P(A and B) (4.2)

where P(A and B) (or P(ANB)) is the overlapping area (Fig. 4.3b). This is sometimes
called the General Addition Rule.
Also note that the sum of the probabilities of all possible events is 1 (i.e., certainty).
If an event A is certain, then P(A) = 1; if it is impossible, P(A) = 0.
The complement of an event is everything that is not part of A, and its probability
(P(not A)) or P(A) is given by

P(A) = 1 — P(A) 4.3)

Example 4.1

If two independent dice are thrown, the sample space (i.e., all possible
outcomes) is shown in Fig. 4.4. The probability of event A (the first dice showing
a “1”) is P(A) = 6/36 = 1/6. And the probability of event B (the second dice
showing a “1”) is P(B) = 6/36 = 1/6.

The probability of either dice showing a “1” (i.e., P(A or B)) is

P(A or B) = P(A) + P(B) — P(A and B) = 6/36 + 6/36 — 1/36 = 11/36

using (4.2) or bv inspection of the sample space.
event A

P={T1) (12) (1.3) (1.4) (1.5) (1,6) =
(2,1) (2,2) (2,3) (2.4) (2,5) (2,6)

(3.1 3,2) .. (3,6)

(4.1)

(5.1)

(6,1 (6,2) .. (6,6)}
entB—""

Fig. 4.4 The sample space for rolling two dice, with events A (the first dice showing a “6”)
and B (the second dice showing a “6”) marked
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Table 4.1 A contingency Age (years)

table
Sex <30 30-45 >45 Total
Male (M) 60 20 40 120
Female (F) 40 30 10 80
Total 100 50 50 200

Events, A and B, are independent if
P(Aand B) = P(A) - P(B) “4.4)

This would be true, for example, in the throwing of two dice; the score on the
second is independent of the throw on the first.

A contingency table (Table 4.1) is used to display the (multivariate) frequency
distribution of two or more variables, most commonly categorical variables, i.e.,
variables which are classifying labels, such as sex, race, birthplace, etc. The
numbers in the right-hand column and the bottom row are called marginal totals
and the figure in the bottom right-hand corner is the grand total.

Provided the entries in the table represent a random sample from the population,
probabilities of various events can be read from it or calculated, e.g., the probability
of selecting a male, P(M), is 120/200, i.e., 0.6; and the probability of selecting a
person under 30 years old, P(U), is 100/200, i.e., 0.5. The probability of selecting
a person who is female and under 30 years old, P(F and U), is 40/200, i.e., 0.2.
This is often called the joint probability. (Note that the events F and U are
independent of each other, so that the joint probability is equal to the product of
the individual probabilities, 0.4 x 0.5.) The probability of selecting a person who is
male or under 30 years old, P(M or U), is 160/200, i.e., 0.8.

4.2.2 Conditional Probability and Bayes’ Rule

Conditional probability is the probability of some event A, given the occurrence of
some other event B. Conditional probability is written P(AIB), and is read “the
probability of A, given that B is true”. Conditional probability can be explained
using the Venn diagram shown in Fig. 4.3b. The probability that B is true is P(B),
and the area within B where A is true is P(A and B), so that the conditional
probability of A given that B is true is

P(A|B) = P(A and B)/P(B) (4.52)

Note that the conditional probability of event B, given that A is true, is
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P(B|A) = P(Aand B)/P(A) (4.5b)
(If the events A and B are statistically independent, (4.4) would reduce to
P(A|B) =P(A) (4.6a)
and
P(BJA) = P(B) (4.6b)

which can be used as an alternative to (4.4) as a test for independence).
The general conditional probability definitions, (4.5a) and (4.5b), can be cross-
multiplied to give the so-called multiplicative rule

P(A and B) = P(A|B) - P(B)
=P(B|A) - P(A) 4.7

Manipulating this further, by equating the equivalent two terms on the right, and
re-arranging gives Bayes’ Rule:

P(B|A) - P(A)

P(B) (4.8)

P(A|B) =

where P(A|B) is known as the posterior probability. Bayes’ rule is one of the most
useful relations in probability and statistical theory. It can be paraphrased as:

likelihood x prior(probability)

Posterior(probability) = 4.9)

evidence

If {A}, Ay, Az, ... A, } are a set of mutually exclusive outcomes that together
form the sample space, S, P(B) is constant for each of them so that it can be regarded
as a normalizing constant which ensures that the probabilities sum to unity. In this
general case

P(BJA) - P(A)
PAB)=c—"~——— 4.10
B = Sp @A) -P(A) @10
In the case of a binary partition, where S is comprised of {A, A}
P(B|A) - P(A
P(A|B) =3 (Bl4) - P(A) (4.11)

(B|A) - P(A) + P(B|A) - P(A)
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Example 4.2 Let’s Make a Deal

In a game show (Monty Hall’s Let’s Make a Deal) there are three closed doors.
Behind one of these doors is a car, and behind the other two are goats. The
contestant picks a door, and Monty opens one of the remaining doors to reveal a
goat. The contestant is then given the option to switch doors. Is it to their
advantage to do so? Think about it for a while. (This problem has attracted
a lot of coverage, and it has been said that no other statistical problem comes so
close to fooling all of the people all of the time!)

One way to explain this is as follows. Suppose the doors are labeled 1, 2 and
3. Let’s say the contestant picks door 1: the probability that the car is behind
door 1 is 1/3. The probability that it is either behind doors 2 or 3 is the remaining
2/3. Now, Monty Hall knows which door the car is behind, and always opens
a door to reveal a goat. Once the goat is revealed (behind door 2 or 3), then
the probability that the car is there drops to zero, and the probability that the car
is behind the other door is the full 2/3. So it is better to switch to the other
(unopened) door than to remain with door 1. The chance of winning rises from
1/3 to 2/3! Note that Monty Hall does not open his door randomly (which would
not affect the outcome of sticking or switching): he knows where the car is. The
additional information that he gives the contestant changes the (prior) probabil-
ity (1/3) into a (posterior) probability, which is 2/3 if the contestant decides to
switch.

In a statistical formulation, let C = the door number hiding the car and
H = the number of the door opened by the host. As the initial choice of the
player is independent of the placing of the car, the solution may be given on the
condition of the player having initially chosen door 1. Then:

P(C =1) = P(C =2) = P(C = 3) = 1/3 (the car is placed randomly)

The strategy of the host is reflected by:

P(H = 1IC = 1) = 0 (the host never opens the chosen door)

PH=2IC=1)=PH =3IC=1) =1/2 (the host acts randomly if
needed)

P(H = 2IC = 3) = 1 (the host has no other option)

P(H = 3IC = 2) = 1 (the host has no other option)

The player now may calculate the probability of finding the car behind door
No. 2, after the host has opened door No. 3, using Bayes’ rule:

P(H =3|C =2)P(C =2)

PC=21=3) = =3Ic=2)P(C=2) T PH=3IC = DP[C= 1)

Diagnostic testing of a person for a disease typically delivers a score, e.g., a red
blood cell count, which is compared with the range of scores that random samples
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Distribution of
values of
normal population (1) &

N/

Distribution of
values of
abnormal population (2)

Score

min 2 max 2

Fig. 4.5 Diagnostic test score distributions for normal (1) and abnormal (2) population samples

Table 4.2 Contingency table for the diagnostic test illustrated
in Fig. 4.5 (Actual rows by predicted columns)

B B
A a (TP) b (FN)
A ¢ (FP) d (TN)

from normal and abnormal (diseased) populations obtain on the test. The situation
is shown in Fig. 4.5, where the ranges of scores for the normal and abnormal
population samples are shown as Gaussian distributions. We would like to have a
decision threshold, below which a person tested would be diagnosed disease-free
and above which the person would be diagnosed as having the disease. The
complication is that the two ranges of scores overlap and the degree of overlap
will affect the goodness of our diagnosis of the tested patient, viz., the more the
overlap, the less likely that our diagnosis will be definitive.

The decision threshold should be in the region of overlap, i.e., between min
2 and max 1. It distinguishes between those who will receive a negative diagnosis
(test negative) from those who will receive a positive diagnosis (test positive). The
distribution of the scores from the normal population (1) is split into two regions,
“d” (below the threshold) and “c” (above the threshold), and the distribution of
the scores from the abnormal or diseased population (2) is split into “b” (below the
threshold) and “a” (above the threshold).

The sample space thus can be arranged in a contingency table (Table 4.2), to
show the relationship between the two events—event A (actually having the
disease) and event B (having a positive result that indicates having the disease).
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Table 4.3 Contingency table Actual Predicted

with marginal probabilities B 3 Sum

(Actual rows by predicted 0 P(A and B) P(A and B PUA)

columns) 7 t ( 1 an _) L
A P(AandB) P(AandB) P(A)

P(B) P(B) 1

Fig. 4.6 Venn diagram
for diagnostic testing

7

Events A and B are not identical since the test will not be ideal. Thus a person may
or may not have the disease and the test may or may not indicate that he/she has the
disease. There are four mutually exclusive events. A person from region “a” tests
positive and actually has the disease and is known as a true positive (TP). A person
from region “b” tests negative although he/she actually has the disease and is
known as a false negative (FN). A person from region “c” tests positive but does
not have the disease and is known as a false positive (FP). And a person from region
“d” tests negative and does not have the disease, and is known as a true negative
(TN). A good test would have a large TP and TN, and a small FP and FN, i.e., little
overlap of the two distributions.

This table can be written in terms of probabilities (Table 4.3), where the
marginals are shown around the periphery.

The corresponding Venn diagram is shown in Fig. 4.6, in which the areas are not
drawn to scale.

The traditional measures of the diagnostic value of a test are its sensitivity [the
(conditional) probability of the test identifying those with the disease given that
they have the disease] and its specificity [the (conditional) probability of the test
identifying those free of the disease given that they do not have the disease]. With
reference to Figs. 4.5 and 4.6

sensitivity, P(BJA) = TP/(TP + FN) = a/(a + b) 4.12)
specificity, P(B|A) = TN/(TN + FP) = d/(d + ¢) (4.13)

where a, b, ¢, and d are the areas of the labeled regions in Fig. 4.4. However,
sensitivity and specificity do not answer the more clinically relevant questions.
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Fig. 4.7 Venn diagram 100,000
for mammographic testing

example

If the test is positive, how likely is it that an individual has the disease? Or, if the
test is negative, how likely is it that an individual does not have the disease?
The answers to these questions require the posterior probabilities from Bayes’
rule [(4.8)].

For example, the posterior probability of having the disease (after having tested
positive), the conditional probability P(AIB), is obtained from the probability of
testing positive, given that you have the disease, i.e., the sensitivity, P(BIA); the
occurrence of the disease in the population, i.e., the prior probability, P(A); and the
probability of testing positive, i.e., the evidence, P(B). This is also known as the
predictive value of a positive test; from Figs. 4.5 and 4.6 it is equal to TP/((TP +

FP) = a/(a + ¢)). (The predictive value of a negative test, P(A|B), is equal to TN/
(TN + FN) = d/(d + b)).

Example 4.3 Breast Screening

About 1% of women who participate in routine breast screening have breast
cancer.

About 80% of those with breast cancer get a positive test result and 9.6%
without breast cancer also get a positive result. A woman gets a positive test
result. What is the probability that she has breast cancer?

The women who have a positive mammography results and actually have
breast cancer amount to 80% of 1%, or 0.8%, of all the women who were tested.
The women who do not have breast cancer, but still show a (false) positive
mammography results, amount to 9.6% of 99%, or 9.504%, of all the women
who were tested. Therefore, total positive mammography results amount to
0.8% + 9.504%, or 10.304%, of all the women who were tested. Of this per-
centage, the women who actually have cancer (0.8%) are in the distinct minority.
The probability of a woman who has a positive test result actually having cancer,
P(AIB), is 0.8/10.304 = 0.0776 or 7.76% .

We can see this by using a Venn diagram and taking a population of 100,000
(Fig. 4.7). About 1% of these have breast cancer, i.e., A = 1,000. Now 80% of

(continued)
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(continued)

these test positive (TP = 800, and the remaining 200 are FN). Now 9.6% of
those without breast cancer (FP + TN = 99,000) get a positive result (FP):
therefore FP is 9,504. The probability of a woman who has a positive test result
actually having cancer is TP/(TP + FP) = 7.76%.

This is not as bad as you may have thought given the large values of sensitivity
(80%) and specificity of the test (100 — 9.6% = 90.4%). Since the probability of
having the disease after having tested positive is low, 7.76% in this example, this
is sometimes known as the False Positive Paradox. The reason for this low
probability is because the disease is comparatively rare (1%). Although the
probability of having the disease is small despite having tested positive, the test
has been useful. By testing positive, the probability of having the disease has
increased from the prior probability of 1% to the posterior probability of 7.76%.
And the posterior probability, P(AIB) (or positive predictive value) is seen to be a
more useful parameter than the sensitivity of the test, P(BIA).

Alternatively, we could approach the problem like this:

A = have breast cancer

B = test positive

P(A) = 0.01

Sensitivity P(B|A) = 0.8P(B|A) = 0.096

Therefore,

Specificity P(BJA) = 1 — 0.096 = 0.904and P(A) = 1 — 0.01 = 0.99

Using P(A and B) = P(AIB)-P(B);

P(B and A) = P(BIA)xP(A) = 0.8 x 0.01 = 0.008

P(BandA) = P(B|A) x P(A) = 0.096 x 0.99 = 0.09504

Filling in these values into the contingency table (Table 4.3) gives:

Actual Predicted
B B
A 0.00800 0.00200 0.01000
A 0.09504 0.89496 0.99000
0.10304 0.89696 1.00000

The posterior probability of having breast cancer = P(A|B) = P(Aand B)/P(B)
= 0.008/0.10304
= 0.07764
=17.76 %

The Excel file, CondProb.xls (which can be downloaded from http://extras.
springer.com) finds the posterior (or predictive) probability of a positive test, P(Al
B), and the posterior (or predictive) probability of a negative test (NPV), P(A|B),
given the sensitivity and specificity of the test and the prior probability of the
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disease (Formulation I) or the contingency table (Formulation II). Try
solving Example 4.3 using this file, paying special attention to the formulae in
the cells.

4.2.3 Naive Bayes Classifier

A naive Bayes classifier is a simple probabilistic classifier based on applying
Bayes’ rule, but assuming that the features (fi, />, f3, . . ., f,) are independent.
Bayes’ rule [(4.8)] for a classifier can be written as:

P(C)P(fl 7f2af3a cee 7fn|C>
P(fl af27f3a s 7fn)

where the class, C, is dependent on several features (fi, f>, f3, - - ., f)- The denomi-
nator is a constant designed to normalize the probabilities so that they add to 1: it
does not depend on C, and can effectively be ignored in the classification.

If the features are all independent (viz., the assumption for the naive Bayes
classifier), then the term P(f}, f>, f3, - . ., f,IC) can be re-written as a product of the
component probabilities [as in (4.4)], and the posterior probability becomes

P(CVl,fZ;f% DR afﬂ) =

(4.14)

P(Clf1,fa:f35 - - - ofn) X P(C)P(Fi|C)P(F2|C)P(f5|C) . .. P(fu|C)
x P(C) [ P(filC) (4.15)
i=1

Using this formulation, the naive Bayes classifier assigns a test sample to the
class with the maximum a posterior (MAP) probability.

Despite the fact that the far-reaching independence assumptions are often inac-
curate, the naive Bayes classifier works well in many real-world situations.
The decoupling of the class conditional feature distributions means that each
distribution can be independently estimated as a one-dimensional distribution.
This in turn helps to alleviate problems stemming from the curse of dimensionality.
[In the language of the next section, we need only determine the variances of the
features in each class and not the covariances (because the features are considered
to be independent.)] Like all probabilistic classifiers under the MAP decision rule,
it arrives at the correct classification as long as the correct class is more probable
than any other class; hence, class probabilities do not have to be estimated very
well. In other words, the overall classifier is robust enough to ignore serious
deficiencies in its underlying naive probability model.

Bayesian spam filtering of e-mails uses a (naive) Bayes classifier to identify
spam. Bayesian spam filtering can tailor itself to the e-mail needs of individual
users and gives low false-positive spam detection rates that are generally acceptable
to users. Particular words have particular probabilities of occurring in spam e-mail
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and in legitimate e-mail (e.g., the word “Viagra”). The classifier does not know
these probabilities in advance, and must first be trained so it can build them up. To
train the classifier, the user must manually indicate whether a new e-mail is spam or
not. For all words in each training e-mail, the classifier will adjust the probabilities
that each word will appear in spam or legitimate e-mail in its database. After
training, the word probabilities are used to compute the probability that an e-mail
with a particular set of words in it belongs to either category. Using Bayes’ rule

_ P(WIS) - P(S)
POIW) = 5ewis)-(s) + POVIS) - P(S) (10

where P(SIW) is the probability that a message is spam, given that a particular word
is in it, and the other terms have their usual meaning. Recent statistics show that the
probability of any message being spam is >80%, but most Bayesian spam detection
considers spam and no spam to have equal probabilities of 50%. Such a classifier
is said to be unbiased. Each word in the message contributes to the e-mail’s
spam probability, so that the (posterior) probability is computed over all words in
the e-mail. The classifier makes the naive assumption that the words present in the
message are independent [see (4.4)]: so that

P\P,...Py

P:Ple...PN—i—(l—Pl)(l—Pz)...(l—PN)

4.17)

Under this assumption it is a naive Bayes classifier. If the total spam probability
exceeds a certain threshold (say 95%), the classifier marks the e-mail as spam.

4.3 Continuous Random Variables

Since a measurement has some uncertainty, it can be likened to an experiment (like
rolling a dice) whose outcome is not known in advance. The variable that associates
a number with the outcome of a random experiment is referred to as a random
variable. Owing to its random nature, we may assign probabilities to the possible
values (events) of the variable. If a random value can assume any value, not just
certain discrete values, it is called a continuous random variable, X.

If X is a continuous random variable, then the probability density function (PDF)
of X is a function f(x) such the probability of X taking on a value between x = x,
and x = x, is

b
O (4.18)
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Fig. 4.8 The probability f(X)
function, f(x) 4

i.e., the area under the PDF from x; to x, (Fig. 4.8). The total area under the curve
equals unity (i.e., certainty).

The cumulative distribution function (CDF) is a function F(x), of a random
variable X, that is defined for a number x by

F(x) =P(X<x) = Jf(u)du (4.19)
0

i.e., for a number x, F(x) is the probability that the observed value will be at most x.
The mathematical relationship between the PDF and the CDF is given by

F(x) = Jf(s)ds (4.20)
0
where s is a dummy variable.
Conversely:
d(F
flx)=— (dix)) 4.21)

i.e., the CDF is the integral of the PDF and, conversely, the PDF is the differential
of the CDF (Fig. 4.9).
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Fig. 4.9 Graphical f(x)
representations of the PDF 4
(top) and CDF (bottom)

F(a)=P(X<a)

An example of a PDF is the well-known normal (or Gaussian) distribution
(Fig. 4.9), for which the PDF is given by:

flx)= Nirr=h 2 (4.22)

where p is the mean, or expected, value of X, denoted as E[X]. [The normal
distribution is often referred to as N(u, ¢?)]. For a random variable it is the weighted
average of all possible values that this random variable can take. The weights used in
computing this average correspond to the probabilities (p;) in the case of a discrete
random variable, or the probability densities (pdf’s) in the case of a continuous
random variable, i.e.,

N
u(=EX) = xip; (4.23a)
i=1

or

u(= ) = [ (e (4.23b)
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0.4

0.3

0.2

34.1% 34.1%

0.1

0.0

Fig. 4.10 The normal (or Gaussian) distribution function

and ¢° (or Var[X]) is the variance of X, a measure of the spread of the distribution,
given by

F(=E(X—p)’)) = (xi—p)’pi (4.242)
i=1
(= E[(X — )] = j (5 — W (x)dx (4.24b)

for discrete and continuous random variables, respectively.

The standard deviation, o (or SD[X]), is the square root of the variance. For a
normal (Gaussian) distribution, about 68 % of the data values are within one standard
deviation of the mean, and about 95% are within two standard deviations (Fig. 4.10).

The normal/Gaussian distribution is very convenient, since the parameters y and
o are sufficient to uniquely characterize it. The normal distribution is the
most widespread probability distribution used to describe measurements. It arises
as the outcome of the Central Limit Theorem, which states that under mild
conditions the sum of a large number of random variables will distribute approxi-
mately normally (e.g., the distribution of the sum (or average) of the rolled numbers
from a large number of identical dice will be well approximated by a normal
distribution). It can be shown that the Gaussian distribution has the maximum
entropy (randomness) of all distributions having a given mean and variance.

4.3.1 The Multivariate Gaussian

The multivariate normal/Gaussian is a generalization of the one-dimensional
(univariate) normal/Gaussian distribution to a higher number of dimensions, 7.
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Fig. 4.11 A bivariate 0.15
normal/Gaussian distribution

0.1

0.05

0

-3

(A random variable is multivariate normally distributed if every linear combination
of its components has a univariate normal distribution.) The multivariate
normal distribution is often used to describe, at least approximately, any set of
(possibly) correlated real-valued random variables each of which clusters around a
mean value.

Compared to (4.22), X, p are now vectors of dimension 7, and the variance (6?)
has been replaced by the covariance matrix, . Note the use of 3, as the symbol for
the covariance matrix; not to be confused with its use as a summation symbol!
(T indicates the transpose, viz., columns changed to rows). Figure 4.11 shows the
multivariate distribution for a 2D variable.

The formula for the multivariate Gaussian is a generalization of the formula for
the one-dimensional Gaussian [(4.22)—note the similarity in form, and how the
covariance matrix, 3, takes the place of the variance, 02]:

1

S X -2 (xX - (4.25)
@ X—p) T (X—w)

f(X) = exp(

1
2

where T indicates the transpose operator. [We may also use the alternative notation
of it as N(x; p, 2)].

Example 4.4 Factorization of a 2D Gaussian

For a 2D normal/Gaussian distribution, where the variables (features) are uncorre-
lated (which means that the covariance terms are zero), show that the distribution
can be factorized into two 1D Gaussians.

2
e o _|loy O
X = = Y=
[XJM L‘J [0 05]

(continued)
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(continued)
-1
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This shows that for uncorrelated variables, the 2D Gaussian can be factorized
into two 1D Gaussians. (This holds true for higher numbers of variables too!)

4.3.2 The Covariance Matrix

The variance is a measure of the amount that a distribution varies about its mean.
The covariance, on the other hand, is a measure of the similarity between two
random variables (say, X and X), i.e., how they vary with respect to each other. If
there is no similarity, they are independent. The similarity could be so strong that
knowing one determines the other without any uncertainty. Or the similarity could
be somewhere in between, where knowing one of the variables reduces the uncer-
tainty about the value the other will take. For a pair of random variables, X; and X>,
their covariance is defined as

0% = Cov(X1,Xa) = E[(X — 1) - (X2 — o) (4.26)

where 1, i, are the respective means (or expected values, E[X ], E[X5]).
In the case of X; = X, the covariance reduces to the variance

a1 = Cov(X,, X1) = E[(X; — 1) - (X1 — )] (4.27)

When working with multiple variables, the covariance matrix provides a suc-
cinct way to summarize the covariances of all pairs of variables. In particular, the
covariance matrix, 2, is the n x n matrix whose (i, j)th entry is Cov(X,, X));
by definition, it is square and symmetric.
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For the case of three random variables (i.e., features), the covariance matrix is

Cov(X1,X;) Cov(X1,X2) Cov(X1,X3)
X = COV(Xz,Xl) COV(XQ,Xz) COV(X27X3) (428)
COV(X3,X1) COV(X3,X2) COV(Xg,X3)

where the terms on the leading diagonal are the variances, O’%, a%, and G%, and the

off-diagonal terms are the covariances between pairs of variables (features), O'izj, i.e.,

2 2 2
oy Oip O3
L= |03, 053 03, (4.29)

2 2 2
031 032 03

Example 4.5

Five measurements (observations) each are taken of three features, X, X,, and
X3, so that the feature vector is

X, X, X3

X 4.0 2.0 0.6
42 2.1 0.59
3.9 2.0 0.58
43 2.1 0.62
4.1 2.2 0.63

The mean values are given by g = 14.10 2.08 0.604|
And the covariance matrix by

0.025  0.0075 0.00175
~ =1 0.0075 0.0070 0.00135
0.00175 0.00135 0.0043

where 0.025 is the variance of Xy, 0.0075 is the covariance between X; and X,
0.00175 is the covariance between X; and X3, etc.

(The calculation of the individual terms in the covariance matrix introduces
a subtle point. The variance is calculated from (4.24a). It is the mean of the
squares of the deviations. However we do not know the mean of the population,
so that we will have to use the sample values to calculate X, and then reuse
the sample values to calculate the variance. This gives the result a bias, which
can be removed by using “n — 17 rather than “n” in the division to get the mean
of the squares of the deviations (“n — 1” is known in statistics as the number of

(continued)
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Fig. 4.12 The values of covariance and correlation coefficient for various data sets

(continued)

degrees of freedom). In practice, it is not going to make much difference if we
divide by n or n — 1, as long as n is reasonably large (i.e., we have a reasonable
amount of data, say n > 10). However, in this example, n is only 5 and it will
make a difference: you need to divide by 4 (i.e., n — 1) to get the values of
variance (and covariance) shown above).

The covariance matrix can be factorized as

a0 0 ... 011 pp .. pp]for O ... O
S — [RT — o ... O Py 1 cee Pyl 1O o2 ... O
0 ... ... odlpy - .. 1 0 ... ... o,

(4.30)

This is convenient since the diagonal matrix I contains the scales of the features,
and R retains the essential information of the relationship between the features. R is
called the correlation matrix. The individual terms of the correlation matrix are the
(Pearson) correlation coefficients between pairs of variables/features and are equal
to the corresponding covariances scaled by the standard deviations, i.e.,

pij = Cov(X;,Xj)/ai - aj(orajj/0; - 7;) (4.31)

Thus the correlation between two random variables is simply the covariance
of the corresponding standardized random variables (Z = (X — E[X])/SD[X] or
X — wio).

Both the covariance and the correlation (coefficient) describe the degree of
similarity between two random variables (and assume a linear link). The correlation
coefficient is dimensionless due to the scaling and assumes a value between —1 and
+1 (Fig. 4.12). The more dispersed the data points, the lower the value of the
correlation coefficient. (Note that although best-fitted straight lines have been
included in the figure, the correlation does not depend on their gradient.)
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Fig. 4.13 Values of r required for statistical significance at the 5 % level, for samples of size
N = 5 through N = 100

In passing we should note that the square of the correlation coefficient, 2, known
as r-squared or the coefficient of determination, gives the proportion of the variance
(fluctuation) of one variable that is predictable from the other variable. For example,
if the correlation between height and weight measurements is r = 0.70, then the
coefficient of determination is 0.49. Thus, 49% of the weight is directly accounted
for by the height and vice versa.

We have made a distinction between r, the correlation coefficient measured from
a limited sample of X;, Y; pairs, and p, the correlation that exists in the larger
population, between X and Y, in general. It is possible, by chance, to obtain rather
impressive-looking values of r within a sample, even when the correlation between
X and Y, in general, is zero. This is especially true when the size of the sample is
small. We need to address the question of the statistical significance of a given
value or r (for a particular sample size, N), viz., what confidence can we have that
a particular observed correlation value is not just a result of chance/coincidence in
the sampling. Statistical significance is conventionally set at the 5% level. That is,
an observed result is regarded as statistically significant—as something more than
a mere fluke—only if it had a 5% or smaller likelihood of occurring by mere
chance. Otherwise, it is regarded as statistically nonsignificant. Figure 4.13 plots
the values of r that are required for statistical significance (at the 5% level)
for various sample sizes. (In a directional hypothesis the relationship is expected
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to show either a positive or negative correlation; in a nondirectional hypothesis
either type of correlation is acceptable.)

Returning to the 2D Gaussian, we should appreciate that if 3 is diagonal
the variables are uncorrelated. If 3 is a multiple of the identity matrix, then the
isocontours of the Gaussian [slices through the Gaussian at varying heights/
probabilities, centered on the mean values (u;, )] are circular. Changing the
values on the diagonal of the covariance matrix simultaneously gives a narrower
or broader Gaussian (Fig. 4.14).

If the values along the diagonal of the covariance matrix are not equal, then the
isocontours of the Gaussian are elliptical, elongated along the feature axis with
the larger variance (Fig. 4.15).

If there are off-diagonal elements in the covariance matrix, then the features are
correlated (i.e., not independent). Increasingly large off-diagonal elements within 3,
reflect increasing correlation between the variables (features) (Fig. 4.16). The
isocontours of the Gaussian are elliptical, but are not aligned with the feature axes.
(In Principal Component Analysis, the covariance matrix is diagonalized to remove
the off-diagonal, correlated elements.)
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Consider the case of a zero mean random vector with a diagonal covariance
matrix. The isocontours are obtained by computing the curves of constant values for
the exponent, that is,

g

Tsy—1g 1/0’% 0 X1 o
X ZTX = [x1,x7] 0 1/0% || =C (4.32)
2 2
or L4+=2=cC (4.33)
1

2
03
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for some constant. This is the equation of an ellipse whose axes are determined by
the variances of the respective features.

If there are nonzero off-diagonal elements in the covariance matrix (e.g.,
Figs. 4.16b, c, and 4.17) the ellipses are rotated relative to the feature axes, and the
angle of rotation depends on the eigenvectors/eigenvalues of the covariance matrix.
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Fig. 4.18 Bivariate Gaussian Y
comprising a univariate
Gaussian (green) whose
variance is 1.6 times the
variance of the other (blue)
univariate Gaussian. /\
The correlation coefficient ¥
between the two variables
is 0.3

Ik
w £

The covariance matrix describes the shape and orientation of sample points
using their variances and covariances. If the distribution of samples is known to
be multinormal (i.e., multivariate Gaussian), then the covariance matrix completely
specifies the distribution (except for the position of its mean) and its isocontours are
ellipses centered on the centroid of the distribution. Figure 4.18 shows an
isocontour of a bivariate Gaussian distribution of samples corresponding to a
value of one standard deviation from the mean (in any direction). The long axis
of the ellipse (x') is the direction such that the projection of the sample data on x’ has
the largest possible variance. In intuitive terms, the sample stretches out more in
this direction than in any other direction. (In Principal Components Analysis
(PCA), X' is known as the First Principal Component of the sample.) The small
axis of the ellipse y’ (the Second Principal Component of the sample) is defined as
being orthogonal to x’. It is the direction such that the projected sample has the
smallest possible variance.

Diagonalization of the covariance matrix rotates the isocontours into line
with axes corresponding to new features (x’, y’), which are linear combinations
of the original features (Fig. 4.19). The diagonal elements are the variances of
the projections of the sample points on the x’ and y" axes. The first value is the
largest possible variance of the projection of the sample points on any axis
(Notice that it is larger than either variance in the original covariance matrix).
In the language of PCA, this value is the first eigenvalue of the (original)
covariance matrix. The half-length of the long axis of the ellipse is the square
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Fig. 4.19 Showing the covariance matrix and a corresponding isocontour of a bivariate Gaussian
distribution, before (fop) and after (bottom) diagonalization. [The blue ellipses represent one
standard deviation from the mean. The orange segments (the half-lengths of the rotated ellipse)
are the square root of the eigenvalues of the covariance matrix]

root of the first eigenvalue. The second value (second eigenvalue) is the
smallest possible variance of the projection of a sample on any axis, and its
square root gives the half-length of the short axis of the ellipse. The sum of the
two variances in the (original) covariance matrix is equal to the sum of the
variances in the diagonalized covariance matrix, viz., the trace of a square
matrix is invariant under a change of unitary orthogonal frame. Both off-
diagonal elements are zero, of course, indicating that the new variables x’ and
y’ have zero covariance and are therefore uncorrelated, i.e., the projections of x
on the eigenvectors of the covariance matrix are uncorrelated random variables.

Diagonalization has rotated and shifted the elliptical isocontours, so that they are
now centered on the centroid of the data points.

The variance of a probability distribution is analogous to the moment of inertia
in classical mechanics of a corresponding mass distribution along a line, with
respect to rotation about its center of mass.
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Example 4.6 Eigenvalues and eigenvectors
53
35

(Note that this is a real, symmetric matrix, i.e., A = AT, typical of the
covariance matrix).

In the equation Ax = Ax, x is an eigenvector of A and / its corresponding
eigenvalue. We can re-write this as Ax = AIx, where [/ is the identity matrix, or
as(Al —A)x =0

For / to be an eigenvalue, there must be a nonzero solution of this equation:
and this occurs when det(Al — A) = 0 (called the characteristic equation of A).

Find the eigenvalues and corresponding eigenvectors of the matrix, A =

A—5 =3
det()J—A)—‘ _3 )L—S‘_O
=104 +16=0
(A1=2)(41—8)=0
So the eigenvalues of A are 4; = 2 and 4, = 8.
Substituting 4; = —2 into AX = Ax
5 3|lx|_ 2|0
3 5(|x| |0
which gives 3x; + 3x, = 0 1
from which we deduce that the corresponding eigenvector, e; = ’ 1
In a similar manner, for the eigenvalue 1, = 8, we get —3x; + 3x, = 0; from

which e, =

1
1
The eigenvectors are orthogonal (which only happens for a real, symmetric
matrix) and, in this case, are rotated m/4 rad from the original axes. In the
coordinate system of these new (principal) directions the isocontours will be
ellipses and the ellipse corresponding to one standard deviation will be

2 2
g !

It is sometimes convenient to transform an arbitrary multivariate distribution
(i.e., with ellipsoidal isocontours) into a distribution with spherical isocontours.
Such a transform is known as a whitening transform. This achieves the same result
as standardizing or normalizing the data (to zero mean and unit variance) during
pre-processing.
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4.3.3 The Mahalanobis Distance

The Mahalanobis distance is a generalization of Euclidean distance. It is an
appropriate measure when variables have different scales and are correlated, but
still are approximately Gaussian distributed. The Mahalanobis distance between
two objects, D, in feature space is given by

Du(x,y) = sqrt((x —y)Z ' (x —y)") (4.34)

where 3! is the inverse of the covariance matrix of the data. It is common to work
with the square of the Mahalanobis distance, and this is what appears within the
exponential in the multivariate Gaussian [(4.23)]. Thus, the isocontours of the
multivariate Gaussian are ellipsoids of constant Mahalanobis distance.

Consider the problem of estimating the probability that a test data point in
N-dimensional feature space belongs to a (labeled) class. The first step would be
to find the average or center of mass of the sample points, . Intuitively, the closer
the point in question is to this center of mass, the more likely it is to belong to the
class. However, we also need to know if the class is spread out over a large range or
a small range, so that we can decide whether a given distance from the center is
significant or not. The simplistic approach would be to estimate the width of the
class distribution (viz., the standard deviation of the distances of the sample points
from the center of mass). If the distance between the test point and the center of
mass is less than one standard deviation, then we might conclude that it is highly
probable that the test point belongs to the class. The further away it is, the more
likely that the test point should not be classified as belonging to the class.

This intuitive approach can be made scale-independent by using normalized
distances, i.e., (x — u)/o. However, this assumes that the sample points are
distributed about the center of mass in a spherical manner. This is not the case for
a multivariate Gaussian distribution: the isocontours are elliptical (in 2D) or
ellipsoidal (in 3D) and the probability of the test point belonging to the class
will depend not only on the distance from the center of mass, but also on the
direction. In those directions where the ellipsoid has a short axis, the test point must
be closer, while in those where the axis is long the test point can be further away
from the center. The isocontours can be estimated by building the covariance matrix
of the samples. The Mahalanobis distance is then the distance of the test point from
the center of mass, normalized (i.e., divided) by the width of the ellipsoid in the
direction of the test point. Figure 4.20 shows two points in feature space which are
at the same Mahalanobis distance from the center of a distribution. The square of
their Mahalanobis distance is given by

D2 =(x—pu Z'x—pT (4.35)

m
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Fig. 420 Two points, A and *2a
B, at the same Mahalanobis
distance from the centroid, u

>
X,

If the covariance matrix is diagonal, the Mahalanobis distance reduces to the
normalized Euclidean distance; and if the covariance matrix is the identity matrix,
the Mahalanobis distance reduces to the (standard) Euclidean distance.

The Mahalanobis distance is widely used in supervised classification techniques
(e.g., Fisher’s Linear Discriminant Analysis (LDA), see Sect. 7.3.2) and in cluster
analysis (see Chap. 7). A test point is classified as belonging to that class for which
the Mahalanobis distance is minimal.

Example 4.7

In a two-class, two-feature classification task, the feature vectors are described
1.1 0.3
03 1.9

and the mean vectors are py = [0, 01%, re = [3, 315, respectively.

1. Classify the vector [1.0, 2.2]".
Compute the Mahalanobis distances from the two means

by two normal distributions sharing the same covariance, X =

> a Teoi B 095 —0.15]/1.0
Dm(“lax) - (X_:ul) z (X_:ul) - [10722]‘_015 0.55 sz‘

=2.952

2 et e oo 095 —0.15]]=2.0
D3, = (x - ) = x - ) = [-20,-08] 0 ]| o0

=3.672

The vector is assigned to class 1, since it is closer to . (Note that it is closer
to p, if Euclidean distances are taken.)

2. Compute the principal axes of the ellipse centered at [0, 0]" that corresponds
to a constant Mahalanobis distance D,,, = v2.952 from the center.
Calculating the eigenvalues of %,

1.1 -2 0.3

— 2 _ 12y —
det| " 3" o7 =4 -3i+2=0

(continued)



4.3 Continuous Random Variables 71

4 T T T T T
.
3t .
. R
*
.ty b
2+ SR AR 4
(3] P ..: .o ¥
g o ¥ Sl L8
R :
I U et T, :
@ 1F 5 1k 1
. !} R AR
* .:*\:g‘ L R T
Foe, ‘-;v"et AR AREN
S ey 18 >
ok y .:.‘ﬁ.\ \f”.c‘., 1
of 4 R ‘o:""' .
= . ‘.‘. X :’““ ‘t. .
RS~ 0 K
1 o R r3d) -
Ak R - TS J
. AL TN
¢ oo Lk ¥ *
PRIV N
. * :0 .
2} .‘,.‘ SR, 108 S T F
&8 : 7}
- “ :
Bl : :
. 2
_4 1 J ' 1 L
-3 -2 -1 0 1 2 3
Feature 1

Fig. 4.21 Example of a multivariate outlier

(continued)

gives 41 = 1 and A, = 2. Substituting these values back into the characteristic

3/4/10 1/4/10
-1/4/10 3/4/10
The eigenvectors give the axes of the isocontours (note that they are mutually
orthogonal), and the half-lengths of the axes are proportional to the square roots
of the corresponding eigenvalues.
The principal axes have lengths 3.436 (i.e., 2 X v2.952) and 4.860 (i.e.,
V2 X minor axis), respectively.

equation gives the unit norm eigenvectors and

The Mahalanobis distance can also be used to detect outliers, as samples that
have a significantly greater Mahalanobis distance from the mean than the rest of
the samples.

In Fig. 4.21 the sample point enclosed by the red square clearly does not belong
to the distribution exhibited by the rest of the sample points. Simple univariate
tests for outliers would fail to detect it as an outlier. Although there are quite a
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few sample points with more extreme values of both feature 1 and feature 2, the
Mahalanobis distance of this sample point would be larger than for any other point.

The Mahalanobis distance could be used to measure the separation between two
classes (i.e., their dissimilarity), by measuring the distance between their respective
centers. Each class may have different numbers of samples. For two classes with
identical covariance matrices, the Mahalanobis distance is Dyy(1, 2) = (u; — )"
31 (U1 — Uz). A Mahalanobis distance greater than 3 (i.e., the two centers differ
by more than three standard deviations) would indicate that the overlap between the
two classes is small.

4.4 Exercises

1. Three coins are tossed simultaneously. What is the probability of them showing
two heads?

2. (a) What is the probability of getting at least one “6” if three dice are rolled? (b)
What is the probability of getting at least one “6” in four rolls of a single die?
(c) What is the probability of getting at least one double-6 in 24 throws of a pair
of dice?

3. Consider a family with two children. Given that one of the children is a boy,
what is the probability that both children are boys?

4. There are two cookie jars. Jar 1 contains two chocolate chip cookies and a plain
cookie, and jar 2 contains one chocolate chip cookie and one plain cookie.
If Fred is blind-folded and chooses a jar at random, and then a cookie at random
from that jar, what is the probability that he will choose a chocolate chip
cookie? What is the probability that it came from jar 1?

5. Suppose that a rare disease affects 1 out of every 1,000 people in a population,
i.e., the prior probability is 1/1,000. And suppose that there is a good, but not
perfect, test for the disease. For a person who has the disease, the test comes
back positive 99% of the time (sensitivity = 0.99) and if for a person who does
not have the disease the test is negative 98% of the time (specificity = 0.98).
You have just tested positive; what are your chances of having the disease?
(Try by calculation, and then check using CondProb.xIs).

6. Consider the situation discussed in Example 4.3 in the text. The woman in
question tested positive and her posterior probability of having breast cancer
was calculated to be 7.76%. If she decides to go for another test and she tests
positive a second time, what is the probability of her having breast cancer?
(And what if a third, fourth, fifth test was positive, what would the
corresponding probabilities be? Of course, this is an unlikely scenario since
each test exposes her to X-rays and a consequent risk of actually causing
cancer.) (Try by calculation, and then check using CondProb.xls.)
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Fig. 4.22 Scatter plots

7. Consider the following feature vector:

=

I
O N0 00N A
WU R NN W= A
L 00 LR O~ — oo W

representing a set of ten observations of three features of an object. Calculate
the covariance matrix (and check it using MatLab (with the command
cov(A))).

8. We want to classify a given person as male or female based on height, weight,
and foot size. The data from an example training set (assumed Gaussian) is:

Sex Height (feet) Weight (Ibs) Foot size (inches)
M 6 180 12

M 5.92 (5'11") 190 11

M 5.58 (5'7") 170 12

M 5.92 (5'11") 165 10

F 5 100 6

F 55 (6" 150 8

F 5.42 (5'6") 130 7

F 5.75 (5'9") 150 9

How would you classify a sample with height = 6’, weight = 130 Ibs., and foot
size = 8”? Use (1) the naive Bayes’ classifier (i.e., assuming no covariance
between thefeatures) (2) the covariance matrices and the Mahalanobis distances
(Hint: use MatLab).

9. Match the scatter plot (a—d) in Fig. 4.22 to the correct correlation coefficient (1)
0.14, (2) —0.99, (3) 0.43, and (4) —0.77.
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Fig. 4.23 Data points in feature space (assumed bivariate Gaussian) and a corresponding
isocontour

10. Tabulate the data shown in Fig. 4.23 (download it from the http://extras.
springer.com) and obtain the coordinates [in (x, y)] using an imaging program
(ImageJ or Photoshop, or similar). Construct the covariance matrix (in the
(x, y) coordinate system) from the data shown. Diagonalize the matrix (to get
the coordinates in (X', ¥')) (Use [V, D] = eig(A) in MatLab: the eigenvalues
of A are obtained in D, and the columns of V are the eigenvectors of A).

11. Find the eigenvalues and eigenvectors of the matrix i ; (using MatLab’s
eig(A)).
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Chapter 5
Supervised Learning

5.1 Parametric and Non-parametric Learning

Parametric methods of statistical classification require probability distributions and
estimate parameters derived from them such as the mean and standard deviation to
provide a compact representation of the classes. Examples include Bayes’ decision
rule, based explicitly on probability distributions, and discriminant analysis, a
parametric method based on functions which separate the classes. Parametric
methods tend to be slow at training, but once trained they are fast at classifying
test data. If the probability distributions are not known, then we must use non-
parametric methods. In this case, we either estimate the density functions (e.g., the
Parzen window approach) or bypass the probabilities and directly construct decision
boundaries based on the training data (e.g., the k-nearest neighbor rule). (In fact, the
multilayer perceptron can also be viewed as a supervised non-parametric method
which constructs a decision boundary).

5.2 Parametric Learning

5.2.1 Bayesian Decision Theory

5.2.1.1 Single Feature (1D)

In statistical pattern recognition approaches, we develop classifiers which use all
the available information, such as measurements and an a priori (or simply prior)
probability. Combining this information leads to a measurement-conditioned or a
posteriori (or posterior) probability. We can formulate a decision rule based on the
posterior probabilities.

G. Dougherty, Pattern Recognition and Classification: An Introduction, 75
DOI 10.1007/978-1-4614-5323-9_5, © Springer Science+Business Media New York 2013
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Fig. 5.1 Probability density functions for two classes, 1 and 2; often they will be Gaussian in shape

Let us consider that there are just two classes [class 1 (w;) and class 2 (w,)] and
that the (prior) probabilities are known [for example, P(w,) = 0.7 and P(w,) = 0.3
(which sum to unity)]. Faced with a new sample and no additional information,
the decision rule would be to classify this sample as belonging to w;, since
P(w1) > P(w,). The probability of classification error, in general, is

P(error) = P(choose w;|w;) - P(w;) + P(choose wi|w;) - P(w;) 3.1

In this case, since we always choose ;, P(error) = P(choose wi|w,).
P(w;) = 1.0 x 0.3 =0.3.

Now consider that we have a single feature, x (e.g., a length or brightness). We
have a training set, which includes representative examples from both classes;
so that we can measure the feature for both classes and construct probability
distributions for each (Fig. 5.1). These are formally known as the probability density
functions or class-conditional probabilities, p(xlw;) and p(xlw,), i.e., the
probabilities of measuring the value x, given that the feature is in class 1 or class
2, respectively. If we have a large number of examples in each class, then the
probability density functions will be Gaussian in shape (the Central Limit Theorem).

The classification problem is: given a new object with a particular value of
this feature, to which class does this object belong? If the two probability density
functions overlap, then this cannot be answered definitively, only statistically.

If the probability density functions and the prior probabilities are known, then the
posterior probability, P(w;|x) (i.e., the probability that given a feature value of x, the
feature belongs to class ;) can be calculated using Bayes’ rule (from Chap. 4)

which will help in the decision. We would evaluate the posterior probability of
each class and choose the class with the largest posterior probability [i.e., this
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is a maximum a posteriori (MAP) classifier]. Using Bayes’ rule, the posterior
probability for each class (i = 1, 2) of measuring a particular feature, x, is

(x]o;) - P(w;)

P(wilx) =2 00 (5.2)

and our decision rule becomes

plxion) - P@1) _plafoz) - P(en)

I () ()

choose

else choose w,

(where we are using upper-case P for probability and lower-case p for probability
density). The term p(x) can be considered a scale factor that states how frequently we
will actually measure an object with value x: it guarantees that the posterior
probabilities sum to unity, but is unimportant in making a decision.

Dividing through by p(x) and re-arranging, the decision rule can be written in a
different (but equivalent) form

p(x|wy) _ P(ws)
p(xlan)” Plon)

else choose w,

choose w

The quantity on the left-hand side of this equation (the ratio of the class-
conditional density functions) is called the /ikelihood ratio, and the decision rule
is called the likelihood ratio test.

Example 5.1

Let us suppose that a single measurement has Gaussian class-conditional
densities of equal variance (62 = 1) but different means (u; = 4 and u, = 10)
and that the prior probabilities are equally likely [P(w;) = P(w,) = 0.5]. The
corresponding class-conditional probability density functions and posterior
probabilities are shown in Fig. 5.2.

Using (1D) Gaussians [(4.22)] as the class-conditional probability functions,
and the given values for the means, the variances and the prior probabilities, the
likelihood ratio test [(5.4)] becomes

Ly —4)? .
exp( 12 (x )2) >_—">1 choose w;
exp(—3(x—10)%) 0.5

else choose m,

(continued)
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(continued)
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Class-conditional probability density

Fig. 5.2 For Gaussians with means of ;t; = 4 and y, = 10 and equal variances (0'% = a% =1)

(a) the class-conditional probabilities and (b) the posterior probabilities of measuring a feature,
x

Cross-multiplying, taking the natural logs and simplifying gives
(x—4)> — (x — 10)°<0

or
x<7 choose w

else choose w;

As intuitively expected for this case, the decision threshold is mid-way between
the two means. The decision threshold is the value at which the two posterior
probabilities are equal, given by the intersection of the posterior probabilities in
Fig. 5.2b. (In the case of equal prior probabilities, this corresponds to the intersec-
tion of class-conditional probability densities). Note that the area under each
class-conditional probability function equals unity, whereas it is the sum of the
areas under the posterior probabilities which sums to unity.

Example 5.2

If the prior probabilities are equal [P(w;) = P(w,) = 0.5], the means remain the
same as before (u; = 4 and p, = 10), but the class-conditional densities have
different variances, o3 = 4 and o3 = 1 (Fig. 5.3), the decision rule becomes

>1 choose w;else choose w;

- exp(—1/(2 x s —4?)
exp(—3(x — 10)%)

(continued)
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(continued)
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Fig. 5.3 For Gaussians with means of u; = 4 (in red) and p, = 10 (in blue), and variances of
J% =4 and a% =1 (a) the class-conditional probabilities and (b) the posterior probabilities
of measuring a feature, x

Cross-multiplying, taking the natural logs and simplifying gives

8 lné — (x—4)*>> —4(x — 10> choose o,

3% — 72x + (384 + 81n §)>o

Solving this quadratic gives two different roots, and therefore two different
decision thresholds, at

x=(724+253)/6
=7.78 and 16.22

The class-conditional probability densities and posterior probabilities are
shown in Fig. 5.3. (Since the prior probabilities, P(w,), are equal, the class-
conditional and posterior probability functions are just scaled version of each
other). The lower decision threshold (corresponding to the smaller root,
x = 7.78) is easily seen, but the upper decision threshold (corresponding to
the larger root, x = 16.22) is not so obvious in Fig. 5.3b. However, if we note
that the posterior probability for class @ does not decay as fast as that for class
, at higher values of x, we can understand that a second intersection will occur
(and this is at x = 16.22). With reference to Fig. 5.3b, we can see that the
decision rule is

(continued)
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(continued)

x<7.78 or x>16.22
7.78<x<16.22

choose w;

choose w,

(Note that it is much easier to get the “greater than” and “less than” signs
correct if there is a diagram with which to visualize the situation).

Example 5.3

If the prior probabilities are not equal [say P(w;) = 2/3 and P(w,) = 1/3], but
the variances are equal (67 = 63 = 1) the likelihood test becomes

Jx—4)%)-2/3

exp(
exp(— L (x—10)%)-1/3

else

>1 choose w,

choose w;

Solving this gives a single decision boundary at x = 7.12 (Fig. 5.4), because
the roots of the resulting quadratic are equal. The decision threshold(s) is/are
given by the intersection(s) of the posterior probabilities. (Note that in the case
of unequal priors, this does not correspond to the intersection of the class-
conditional probabilities). In the case of several features, the decision
boundaries will be lines or planes.

5. 045 0.3
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Fig. 5.4 For Gaussians with means of u; = 4 and p, = 10, equal variances (67 = 03 = 1)
and prior probabilities P(w;) = 2/3 and P(w,) = 1/3 (a) the class-conditional probabilities
and (b) the posterior probabilities of measuring a feature, x

In the case of two Gaussian distributions with equal priors (Fig. 5.5a), the

decision threshold (D;) will be at the intersection of the probability distribution
functions, and there will be misclassification errors (shown by the striped areas in
the figure): both false positives (or type I errors) and false negatives (or type II
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healthy (1) diseased (2)

Dy D,

Fig. 5.5 Intersecting distributions with a decision threshold (a) at the intersection point and
(b) higher than the intersection point

errors). Moving the decision threshold changes the classification. For example,
moving the decision threshold higher (to D, in Fig. 5.5b) reduces the number of
false positives but unfortunately it also increases the number of false negatives.
(Moving the decision threshold lower will increase the number of false positives
and reduce the number of false negatives). From Fig. 5.5b, we see that the false
negatives will be reduced somewhat, but the false positives will be increased by an
even larger amount; so that the total number of errors in classification (FP + FN)
will actually increase (by the area shown in light brown in Fig. 5.5b). (This is also
the case if the decision threshold is lowered from D;). Thus taking the decision
threshold at the intersection of the distributions minimizes the total errors (FPF +
FNF). This general geometric argument also holds if the Gaussians have different
variances or if they are scaled by different priors. Indeed, the posterior probabilities
do not even have to be Gaussian; they just need to be monotonic in the region
around their intersection point(s). Thus Bayes’ rule, whereby we choose the class
according to the maximum (posterior) probability, corresponds to minimizing the
(total) probability of error (the error rate) and therefore our decision rule is an
optimal decision rule.

Let us consider the problem of classifying two types of fish: sea bass (class w)
and salmon (class w,) as they travel down a conveyor belt in a canning factory.
Let us say that the lightness of the fish are measured for samples of the two types
of fish, and the resulting class-conditional probability density functions, p(xlw;) and
p(xlw,), are shown in Fig. 5.6.

The season and the locale (and many other variables) determine directly the
probability of the two different types of fish being caught, but suppose that for this
particular catch, twice as many sea bass as salmon were caught, so that P(w,) = 2/3
and P(w,) = 1/3. We can determine the posterior probabilities using (5.2),
by scaling the class-conditional probabilities by the priors, and dividing by the
evidence term to ensure that the probabilities sum to 1 (Fig. 5.7). Check on this
figure that any feature measurement for a test sample (e.g., lightness = 13) results
in posterior probabilities that sum to 1 (in the case of lightness = 13, the posterior
probabilities are 0.79 and 0.21 for class 1 and 2, respectively): note that the two
curves are mirror images of each other about the (horizontal) P(w;x) = 0.5 line.
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Fig. 5.6 Class-conditional probability functions of measuring the lightness, x, of fish that are in
classes m; (sea bass) and w, (salmon). (Note that the area under each density function is unity)
(after Duda et al. 2001)
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Fig. 5.7 Posterior probabilities corresponding to the class-conditional probabilities of Fig. 5.4,
with P(w;) = 2/3 and P(w,) = 1/3. Note that the posterior probabilities sum to unity, at every
value of x

The lightness of each new fish coming along the conveyor belt is measured, and we
will classify it as sea bass or salmon according to the posterior probabilities. Specifi-
cally, we will choose the class with the larger posterior probability of having that value
of lightness. From Fig. 5.7, we will classify the fish as sea bass (w,) if its lightness, x,
i$9.9 < x < 11.2 or x > 11.8, otherwise we will classify it as salmon ().
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We have assumed that the two types of classification errors (misclassifying
sea bass as salmon, and misclassifying salmon as sea bass) are of equal importance.
However, this may not always be true. For example, our customers may not
mind some of the more expensive salmon turning up in their cans of sea bass,
but they may have more objections to misclassified sea bass turning up in their salmon
cans. [Or, in our medical example, it may be less serious to misdiagnose a benign
tumor as a malignant cancer (a false positive), than to misdiagnose a malignant
cancer as a benign one (a false negative): the false positive will result
in unnecessary treatment, but the false negative may result in no treatment being
given resulting in the death of the patient.] For these cases, we can introduce
a penalty term, /;, known as the loss, associated with a wrong decision (viz., a
misclassification). 4, is the loss associated with deciding w; when the correct state
is w;. (The expected loss by deciding w; when the correct state is w;, is called a risk,
R, in this case the conditional risk). The complete loss matrix for a two-class
problem would be

A A

A=
o1 Axm

(5.5)

where the diagonal terms are usually set to zero (i.e., no cost for making the correct
decision). In the case where w; represents the healthy distribution and w, the
diseased distribution, then 4, (the loss associated with a false negative) > 1,
(the loss associated with a false positive). If action «; corresponds to deciding
that the true state of nature is w1, and action o, corresponds to deciding that the true
state of nature is ,, then 4;; is shorthand for A(e;l®;). The conditional risks involved
in choosing either way are

R(ocl |X) = illP(wl |X) + ;ulzP(wz‘x) (563.)
R(Otg |X) = 121P(0)1|X) + izzP(wz\x) (56b)

Generalizing (5.4), to include the loss terms, the decision rule (in terms of the
likelihood ratio) can be written

pxjw1) (A2 — 422) - P(w2)
p(xlw2) ™ (A21 — Z11) - P(wr)
else choose w,

choose m

The effect of introducing loss terms such that A;, > 4, is to shift the decision
threshold in Fig. 5.5a to the left, reducing the number of false negatives. [In the
case where the diagonal terms are zero and the errors are equally costly (11, = 451),
then / is the so-called symmetrical or zero-one loss function, and (5.7) reduces
to (5.4)].
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Example 5.4

P(y) = 2/3. P(w) = 1/3: and /= | O

Select the optimal decision where p(xlw;) = N{ 0.25), p(xlw>) = N (1.5,0.04);
o) = 13and = (g ).
Since A,; > Ay, decide wy, if

p(x|wr) _ An — Az - P(w2)
p(xl@2) ™ Ao — Air - P(w1)

2 ooy 5
p(x|wy) :\/—z_ne 20727 and  p(x|ms) :\/—2_7[6

2
25(,_3
2 (,X __)

The likelihood ratio for the two normal distributions is

pxlowr) 2 2243 (- 1.5) 1-01/3 1

p(x|ms) 5 2-02/3 4

—2(x—2)"+B(x—1.5)*

c >2
8

taking (natural) logs = —2(x — 2)% +25(x — 1.5)%2 > —0.47

o x> — 2.8095x + 1.9614 > 0
e x=15140rx = 1.296

Therefore, x > 1.514 or x < 1.296 to decide wq;
and if 1.296 < x < 1.514, decide w,.

In the general univariate case, the decision rule of (5.7) could be re-written as

p(x|on) >k choose w; : else choose s (5.8)
p(x|o2)
A2 — An) - P
where k = (r2 2) Plws)

(Z21 = 211) - P(1)

If the class-conditional probabilities are Gaussian distributions, N(p;,07) and
N(,, 03), substituting them into (5.8), taking (natural) logs and simplifying gives:

(G )/02)* — ((x — )/o1)*>21n (‘z;f) (5.9)

which is a quadratic in x. The terms can be collected into the form ax® + bx + ¢, and
solved to give solutions (“roots”) for x, which are the decision thresholds. There are
two roots, x+ and x—, which are equal when (b2 — 4ac)l/2 = 0.
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Fig. 5.8 2D feature space for training samples of lightness and width in sea bass and salmon, and a
putative linear decision boundary (after Duda et al. 2001)

The Excel file,CondProb.xls (downloadable from http://extras.springer.com),
solves for the roots in “Formulation IIT”. It also displays derived quantities,
such as sensitivity and specificity, the joint and marginal probabilities and the
conditional probabilities.

5.2.1.2 Multiple features

Since a single feature cannot achieve error-free classification if there is an overlap
of the pdfs, we should consider measuring an additional independent, i.e., uncor-
related, feature (even if it is also not perfect). In our example of classifying the
fish, we might consider measuring their width as well as their lightness. As sea
bass are typically wider than salmon, we now have two features to help classify
the fish: lightness and width. Using two features, our training data is plotted in
two-dimensional feature space (Fig. 5.8), and our problem becomes one of
partitioning the feature space into two regions, one for each class of fish. The
decision threshold(s) (in 1D feature space) become decision boundaries,
separating regions which may or may not be simply connected. The simplest
case would be a linear decision boundary. When is this justified? And how would
we find the best linear boundary? (By finding the centroids of the two classes, and
constructing a line perpendicular to it?)

We could choose a more complex decision boundary, even to the point where it
could separate the training data perfectly (Fig. 5.9). However, this is tuned too
tightly to the specific training samples and is unlikely to perform as well with new
test samples. It seems unlikely that such a complex boundary actually corresponds
to a true model of nature for all sea bass and salmon.
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Fig. 5.9 Overly complex decision boundary. The new test data, marked with a question mark, is
more likely a salmon, but this decision boundary classifies it as a sea bass (after Duda et al. 2001)

224 salmon . seabass
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Fig. 5.10 A decision boundary that might represent the optimal tradeoff between performance on
the training set and simplicity of classifier, giving the highest accuracy on new data (after Duda,
Hart and Stork 2001)

We might decide to trade off performance on the training set for increased
generalization, and settle for a decision boundary based on a quadratic (Fig. 5.10).
As we might imagine, the shape of the optimal decision boundary in a particular
situation cannot be chosen arbitrarily, but is determined by the actual distributions of
the training samples for the classes (see Sect. 5.2.2).
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5.2.2 Discriminant Functions and Decision Boundaries

There are many different ways to represent pattern classifiers. One of the most
useful is to obtain decision boundaries by considering a set of discriminant
functions, gix) for each class, i =1, 2, 3 ..., M, where X is the feature vector:
classification is based on finding the largest discriminant function. For the Bayes’
classifier (minimume-error-rate classification), the discriminant functions are the
posterior probabilities, P(w;lx). Using Bayes’ rule gives

p(x|w;) - P(o)

g,‘(X) = P(CO,|X) - p(X)

(5.10)

The discriminant function is not unique. It can be multiplied by a constant or
shifted by adding a constant, without affecting the classification. Indeed, any
monotonically increasing function of g;(x) is also a valid discriminant function.
For Bayes’ classification, it is convenient to use the natural log of the numerator
of (5.8), viz.,

gi(x) = Inp(x|w;) + In P(w;) (5.11)

Using these discriminant functions, the decision rules will divide the feature
space into decision regions, separated by decision boundaries or surfaces.

The multivariate Gaussian is the most frequently used (class-conditional) prob-
ability density function because of its tractability and its relationship to the Central
Limit Theorem. The n-dimensional Gaussian is given by

1

fx(x)(or N(u, X) = W

exp(—s(x— W)= (x— ) (5.12)

where  is the mean value of x, and X, is the (n X n) covariance matrix.
In this case, the discriminant functions are

gi(x) = —é(x — 1) Z7 (X — ) — n/2 - In2m — é In|%| +InP(w;) (5.13)

Let us examine several special cases:
Case 1: Independent features, each with the same variance (o).

Let us consider the case where all features are represented by circular contours.
Circular (or spherical, in 3D) isocontours result from a covariance matrix which is
diagonal and equal to ¢”L It follows that [ = ¢ and ;! = (1/¢?)L The second
and third terms in (5.11) are class-independent constant biases and can be
eliminated, giving

gilx) = =2 (x = ) = (x = ) + In P(e) (5.14)
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In this case, this simplifies to

x — il
g,'(X) = —T—FIHP(COI)

Where |l@ll denotes the Euclidean norm, i.e.,

Ix = pl* = (x = ) (x = )

Expansion of the squared term in (5.15) gives

gi(x) =— 752 X'x — 2p)x + g ] + In P(e;)

The term x©

x is constant for all i, and can be ignored. Thus
gi(x) = wiTx + wjo

where

1
Wi Zg,ui

and
__ L
Wio = =55 Hi Lt +InP(w;)

(w;o is known as the threshold or bias for the ith class).

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

Equation (5.18) defines a linear discriminant function; the associated Bayesian
classifier is linear in nature, and the approach to classification is known as linear

discriminant analysis (LDA).

The decision surfaces are defined by the linear equations g,(x) = g;(x) for the

two classes with the highest posterior probabilities. For this case
wi(x —%9) =0
where
W=l — I

and

) - —
Xo =~ (M + 1) —
2 ' Hﬂz‘_ﬂsz

InP(;) - (1 — 1)

(5.21)

(5.22)

(5.23)
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decision boundary

Fig. 5.11 Two bivariate normal distributions, whose priors are equal. Therefore, the decision
boundary is exactly at the midpoint between the two means. The decision boundary is the
perpendicular bisector of the line between the centroids

This defines a hyperplane through the point xq, orthogonal to w. Since w = p;
— M, the hyperplane is orthogonal to the line that links their means. (A classifier
that uses linear discriminant functions is called a linear machine).

If P(w;) = P(w)), then X, is midway between the means, and the decision
hyperplane is the perpendicular bisector of the line between the means (i.e.,
centroids), as in Fig. 5.11. [If P(w;) # P(w,) then X, shifts away from the mean
with the higher (prior) probability. However, if the variance ¢* is small relative to
the squared distance llp; — ujllz, then the position boundary if fairly insensitive to
the values of the prior probabilities.]

If the prior probabilities, P(w;), are the same for all classes, the P(w;) in (5.23)
disappears and the optimum decision rule becomes: measure the Euclidean distance
of a feature vector to the centroids of each class, lIx — I, and assign x to the class
corresponding to the shortest distance. The classifier is therefore a minimum-
distance classifier.

Note that the condition that the posterior probabilities are equal on the decision
boundary means that the log of the ratio of posterior probabilities must be zero. If
the data in each class is Gaussian with equal variance, then the boundary between
any two classes is a straight line. For three classes, there will be three lines
(Fig. 5.12).
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Fig. 5.12 Showing the decision lines between three classes of equal variance. A new data point is
assigned to the class that gives the largest numerator in the posterior probability ratio

Case 2: When the covariance matrices for all the classes are equal, but
otherwise arbitrary (so that the isocontours are ellipses (in 2D) of similar size
and orientation).

Geometrically, this corresponds to having samples in (hyper)ellipsoidal clusters
of equal size and shape: the elliptical contours are parallel to each other. Since both
(n/2) and |%;| in (5.13) are independent of i, they can be ignored as superfluous
additive constants. (It is left as an exercise to work through the math and find the
decision boundary).

Again, the decision boundary is a linear surface (or line for 2D feature space),
although it is not orthogonal to the line joining the means. If the priors are equal
it intersects mid-way between the means (Fig. 5.13). (If the priors are not equal,
then the decision boundary shifts away from the mean with the higher (prior)
probability).

Case 3: General case, with different covariance matrices for each class.

In the general case, only the constant term, (n7/2) In27, drops out of (5.13) and the
resulting discriminant functions are inherently quadratic, giving rise to decision
curves which are hyperquadrics for the two-class case. For two features, they will
be ellipses, circles, parabolas, hyperbolas, lines or pairs of lines. In such cases, the
Bayesian classifier is a quadratic classifier, and the approach is known as quadratic
discriminant analysis (QDA).

When one class has circular contours, a parabolic decision boundary is the result
(Fig. 5.14).
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Fig.5.13 Two classes with equal covariance matrices, showing the line between the centroids and
the linear discriminant function which intersect it mid-way (but not at right-angles)
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Fig. 5.14 Parabolic decision boundary when one distribution has circular isocontours
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Fig. 5.15 Hyperbolic decision boundaries from two (equiprobable) sets of orthogonal elliptical
isocontours

In the case of (equiprobable) distributions with elliptical contours, oriented
orthogonally to each other, the decision boundary will be hyperbolic (Fig. 5.15).

It is left to the reader to determine the conditions under which the decision
boundaries will be ellipses, and when they degenerate into lines (Fig. 5.16).

To clarify these ideas, let us consider two examples. In both cases the priors are
equal. In the first example, the means are p; = [0, 0] and p, = [4, 0], and the
covariance matrices are

03 0.0

21 = ‘o.o 0.35

‘ 22:‘1.2 0.0‘

0.0 1.85

There are no covariance terms, but the variances are different in each covariance
matrix and the covariance matrices are not equal. The resulting isocontours are
ellipses (of different sizes) oriented parallel to the feature axes. Figure 5.17 shows
the two pdfs, where the red color (class ) indicates the points where the posterior
probability is greater for class @;. The decision curve is an ellipse.

For the second example, p; = [0, 0] and p, = [3.2, 0] and

0.1 0.0

0.0 0.75

= ‘ 00 0.1

‘ 5, — ‘0.75 o.o‘

Again, these are ellipses, with axes parallel to the feature axes but inspection of
the variances shows that their isocontours are orthogonal to each other. This results
in a hyperbolic decision boundary (Fig. 5.18).
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Fig. 5.16 A linear decision boundary
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Fig. 5.17 The pdfs of two equiprobable normally distributed classes with different covariance
matrices (after Theodoridis and Koutroumbas 2009)



94 5 Supervised Learning

035
03

0.25

-8 -8

Fig. 5.18 The pdfs of two equiprobable normally distributed classes with different covariance
matrices (after Theodoridis and Koutroumbas 2009)

Figure 5.19 shows the decision curves for an example with three classes (and two
features, viz., 2D feature space).

We should also note that even in 1D feature space, the case of two unequal
variances can result in a parabolic decision curve, which results in two decision
thresholds, and a disconnected decision region (Fig. 5.20). We have seen this earlier
in the chapter (Example 5.2).

5.2.3 MAP (Maximum A Posteriori) Estimator

With the MAP variant of the classifier, the new object is assigned to the class
with the largest posterior probability. For multivariate data (viz., several features),
the multivariate Gaussian is used. Figure 5.21 illustrates the case where there are
two features (y; and y,) and three classes (A, B, and C), each with its own mean (ua,
ug, and pc). The covariance matrix is
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Fig. 5.19 The decision curves between any two of the three classes (red, green, and blue) are
quadrics
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Fig. 5.20 The decision curve in 1D feature space for normal distributions with unequal variance
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Fig. 5.21 Three-class
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Then the posterior probabilities are calculated using

Hwﬂ=ﬂ%%9
P()P (i)
© P(ia NY) 4+ P(ig Ny) + P(fic NY)
P(i,)P(y|it;)
P(pa)P(¥|fta) + P(fg)P (Vi) + P(fic)P(¥iic)

—50-1)' =z 5y)
P(y) |&———
=

= B —L(sqDist ) ~ —L(sqDist) _ —1(sqDist)
PG | 4 (i) |5 ) |

T T T
[Zal2 [Zg2 [Zcl2

(5.24)

and an object is classified into one of the classes (A, B, or C) based on its highest
posterior probability.

5.3 Exercises

1. Suppose that the class-conditional probability functions for w; and w, are
Gaussians with (u;, o;) of (4, 2) and (10, 1), and that they have equal prior
probabilities (P; = P, = %2). What is the optimal decision threshold?

(Try by calculation, and then check using CondProb.xIs).

2. What are the decision thresholds for two class-conditional probabilities which
are Gaussian in shape, with means y; = 4 and p, = 10, variances J% =4 and
6% = 1, and prior probabilities P(w;) = 2/3 and P(w,) = 1/3?

(Try by calculation, and then check using CondProb.xIs).



5.3 Exercises 97

3. Select the optimal decision where the class-conditional probabilities are
Gaussians (i.e., N(u, 02)), given by N(2, 0.5) and N(1.5, 0.2) and the
corresponding priors are 2/3 and 1/3.

(Try by calculation, and then check using CondProb.xls).

4. For the fish canning problem discussed in this chapter, customers may not mind
some of the more expensive salmon turning up in their cans of sea bass, but may
have more objections to misclassified sea bass turning up in their salmon cans.
We can factor this into the analysis with the loss function: which term should we
set to be the larger . . . 1y, [the loss associated with misclassifying a sea bass (@)
as salmon (w,)] or A, [the loss associated with misclassifying a salmon (w,) as a
sea bass (w;)]?

5. In a two-class problem with a single feature, x, the pdfs are Gaussians (i.e., N
(u, 02)) given by N1(0, 2) and N2(1, %). If P(w,) = P(w,) = %, find the
decision thresholds for (1) minimum error probability and (2) minimum risk if

0 05 ’

the loss matrix is A = Lo o

(Use CondProb.xls).
6. In a two-class, two-feature classification task, the feature vectors described by
Gaussian distributions with the same covariance matrix
1.1 03
X = ‘0.3 1.9‘

And the means are w; [0, 0] and p, = [3, 3].
Classify the vector [1.0, 2.2] according to the Bayesian classifier. (Hint: use
the Mahalanobis distances to the two means).
7. Given the following labeled samples:

Class Class w, Class o3

(2.491, 2.176) (4.218, —2.075) (—2.520, 0.483)
(1.053, 0.677) (—1.156, —2.992) (—1.163, 3.161)
(5.792, 3.425) (—4.435, 1.408) (—13.438,2.414)
(2.054, —1.467) (—1.794, —2.838) (—4.467, 2.298)
(0.550, 4.020) (—2.137, —2.473) (—3.711, 4.364)

Classify each of the following vectors
(2.543, 0.046)

(4.812,2.316)

(—2.799, 0.746)

(—3.787, —1.400)

(=7.429, 2.329)

by using

(1) the 1-NN rule.

(2) the 3-NN rule.
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Chapter 6
Nonparametric Learning

6.1 Histogram Estimator and Parzen Windows

For the one-dimensional case, if we have N independent samples (x;, x5, X3, . . . Xy)
of a random variable x (our chosen feature). The density function (pdf) can be
approximated by a histogram formed from the samples with bins that are Ax (=2h)
wide (Fig. 6.1). If there are a large number of samples and & is the number of
samples in a bin, of mid-point x;, then the probability that a sample is in that bin
(x; = h) can be estimated by the relative frequency, k/N, and the density at x;, p(x;),
estimated by k/(2hN). In constructing the histogram, we have to choose both an
origin and a bin width. The estimate of the pdf is affected by the choice of origin,
but mostly by the bin width: with small bins the estimate is spiky, and with large
bins it is smoother.

To get a smoother estimate, without smoothing out the details, we use a smooth
weighting function, called a kernel function or Parzen window. The most popular is
the Gaussian kernel (Fig. 6.2). The estimate of the pdf is then the sum of the kernels
placed at each data point.

The width of the kernel (just as the histogram bin width) has to be chosen with
care. A large width will over-smooth the density and mask the structure in the data,
while a small width will yield a density estimate that is spiky and very hard to
interpret (Fig. 6.3). The density estimate will inherit all the continuity and differen-
tiability properties of the kernel, so that for a Gaussian kernel, it will be smooth and
have all the derivatives.

We would like to find a value of the smoothing parameter, the kernel width, which
minimizes the error between the estimated density and the true density. A natural
measure is the mean square error at the estimation point x. This expression is an
example of the bias—variance tradeoff; the bias can be reduced at the expense of the
variance, and vice versa. (The bias of an estimate is the systematic error incurred in
the estimation; the variance of an estimate is the random error incurred in the
estimation). The bias—variance dilemma applied to window width selection simply
means that a large window width will reduce the differences among the estimates of

G. Dougherty, Pattern Recognition and Classification: An Introduction, 99
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Fig. 6.1 Estimation of the probability distribution function by a histogram
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Fig. 6.2 Using a Gaussian kernel to weight each sample in the training set

density function for different data sets (the variance). A small window width will
reduce the bias of density function, at the expense of a larger variance in the
estimates of density function (Fig. 6.4).

6.2 k-Nearest Neighbor (k-NN) Classification

Since the kernel in the Parzen density estimate is fixed in size, it may be difficult to
obtain a satisfactory estimate of the density everywhere when the samples are not
evenly distributed. One way is to fix the number of samples, k, and let the width
change so that each region contains exactly k& samples. This is the k-nearest
neighbor classification approach. The classifier exemplifies the following saying
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Fig. 6.4 The bias—variance tradeoff

“If it walks like a duck, quacks like a duck, and looks like a duck, then it probably is
a duck”™: i.e., the class of a test instance is determined by the class of its nearest

neighbors.

The k-NN process starts at the test point and grows a region until it encloses £ training
samples and it labels the test point X by a majority vote of these samples (Fig. 6.5).
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For two classes, the value of & should be odd to avoid a tie. For more than two classes, k
being odd is insufficient to avoid a tie [e.g., with three classes, we may choose k = 5,
and still end up with a tie (2, 2, 1) in some cases]: larger values of k are more likely to
resolve ties. The region will be circular (or spherical in 3D) if the data have been
normalized.

In general, the estimates that can be obtained with the k~-NN method are not very
satisfactory. The estimates are prone to local noise. The method produces estimates
with very heavy tails, and the density estimate will have discontinuities since it is
not differentiable (see Figs. 6.6 and 6.7).

The larger the value of k, the smoother the classification boundary; and the
smaller the value of k, the more convoluted the boundary (Fig. 6.8).

There is essentially no training involved in the X~-NN method; it is considered a
lazy learning algorithm. It defers data processing until it receives a request to
classify an unlabeled (test) example, it classifies it, and then discards any interme-
diate results. (This is the opposite strategy to decision trees and rule-based
classifiers, which are known as eager learning classifiers: they learn a model that
maps the input attributes to the classes as soon as the training data become
available). Its advantages are that it is intuitive, analytically tractable and simple
to implement, and it lends itself easily to parallel implementation. Because it uses
local information, it can be used adaptively (by, for example, stretching the region
in the dimension of lowest variance). It is, however, highly susceptible to the curse
of dimensionality [viz., you need increasing amounts of training data as the
dimensionality (number of features) increases: a rule of thumb is to use at least
ten times as many training samples per class as the number of features].
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Fig. 6.6 An illustration of the performance of the <-NN method. (a) The true density, which is a
mixture of two bivariate Gaussians and (b) the density estimate for k = 10 and N = 200 examples

When distinguishing normal and abnormal classes in, for example, tumor
detection, it is more useful to modify the criterion to assign a new vector to a
particular class if at least / of the k nearest neighbors is in that particular class. This
is useful when (1) the penalty for misclassifying one class (e.g., abnormal as
normal—false negatives) is much greater than the penalty for misclassifying
the other class (e.g., normal as abnormal—false positives) and (2) when there is
an unbalanced training set, with many more samples in one class than the other.
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Fig. 6.8 k-NN classifiers (a) k = 15, (b) k = 1 (the broken curve is the Bayes decision boundary)

6.3 Artificial Neural Networks

Artificial neural network (ANN) models take their motivation from the
human nervous system. Signals from sensors in the body convey information for
sight, hearing, taste, smell, touch, balance, temperature, pain, etc. The nerve cells
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Fig. 6.9 Structure of (a) a neuron, (b) an artificial neuron

(or neurons) are autonomous cells specialized in transmitting, processing and
storing this information, which is essential for us to respond properly to external
and internal stimuli. The neuron transmits spikes of electrical activity along a long,
thin strand known as an axon, which splits into thousands of branches or terminals,
where they can fire across a gap (synapse) to the dendrites of other neurons
depending on the size of the signal (Fig. 6.9a). The brain is composed of a very
large number (~2 x 10') of neurons acting in parallel. It is believed that in the
brain both the processing (by the neurons) and the memory (in the synapses) are
distributed together over the network. Information is processed and stored
according to the threshold levels for firing, and the weights assigned by each neuron
to each of its inputs.

A mathematical model of the neuron [called the perceptron (Fig. 6.9b)] has been
used to try and mimic our understanding of the functioning of the brain, in
particular its parallel processing characteristics, in order to emulate some of its
pattern recognition capabilities. An artificial neural network is a parallel system,
which is capable of resolving paradigms that linear computing cannot resolve. Like
its biological predecessor, an ANN is an adaptive system, i.e., parameters can be
changed during operation (training) to suit the problem. They can be used in a wide
variety of classification tasks, e.g., character recognition, speech recognition, fraud
detection, medical diagnosis. The wide applicability of neural networks once led
aviation scientist John Denker (AT&T Bell laboratories) to remark that “neural
networks are the second best way of doing just about anything.”

The artificial neuron is a threshold logic unit that accepts multiple inputs, which
are weighted and summed; if the sum exceeds a certain threshold, the perceptron
fires and an output value (a probability) is transmitted to the next unit.

The artificial neuron or perceptron (McCulloch and Pitts 1943) has » inputs x;,
Xy, ... X, that model the signals coming from dendrites (Fig. 6.10). Each input is
connected by a weighted link to an output. The inputs are labeled with the
corresponding, generally real, weights wy, w,, . .. w,. According to the neurophysi-
ological motivation, some of these synaptic weights may be negative to express
their inhibitory character. wy is the bias, an intercept value to make the model
more general that comes from an extra bias unit x,, which is always +1. If the sum
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Fig. 6.10 The McCullough and Pitts (MCP) neuron

of the weighted inputs is greater than a threshold value, 0, then the neuron fires,
producing an output of +1: otherwise it does not fire, and the output is 0. (Note that
the threshold, 0, can be set to zero without loss of generality; in this case the actual
threshold is modeled by the bias term wqx).

Consider the implementation of the logical AND function. The inputs are binary
and the output is 1 if the function is true (i.e., if input x; and input x, are both 1’s)
and 0 otherwise (Fig. 6.11a). Therefore, it can be seen as a two-class classification
problem. A possible discriminant function for the AND function is

g:X1+X2—1.5 (61)

It takes the value zero on the decision boundary line, and positive and negative
values to the right and left of the line respectively (Fig. 6.11b).
This could be implemented by a single neuron whose output is

y = step(lx; + 1xy + (—=1.5)x0) (6.2)

The inputs (including the bias) are summed and passed to the threshold function
(which has a threshold of 0, in this case). For ([0,0]) it receives an input of —1.5, for
([0,1]) it receives —0.5, and for ([1,0]) it receives —0.5, all below the threshold,
producing outputs of “0” in each case: for ([1,1]) it receives 0.5, above the
threshold, producing an output of “1.”
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Fig. 6.11 (a) Truth table for the logical AND function, (b) the required discriminant function in
feature space [where the filled circle indicates an output of 1 (“true”), and hollow circles indicate
outputs of 0 (“false”)], and (c) the perceptron which implements it

Similarly, the discriminant function
g=X1+x— 0.5 (63)

would implement the logical OR function.

The perceptron models a linear discriminant function, which partitions feature
space using a decision boundary that is a straight line in two dimensions, a plane in
three dimensions or a hyperplane in higher dimensions. The bias term (w() alters the
position, but not the orientation, of the decision boundary; and the weights (wy, w,,
... w,) determine the gradient.

The outputs of the logical XOR (exclusive OR) function are shown in Fig. 6.12a;
it produces an output of “1” if either input, but not both, is a “1.” Feature space
(Fig. 6.12b) shows that there is no single line that separates the two classes (“0”” and
“1,” 1.e., “true” and “false”). The XOR function is said to be not linearly separable.
The situation is more complicated than with the AND or OR logical functions, and
generally we would use a multilayer neural network to model the XOR function
(see later in this section). Indeed, when it was first realized that the perceptron could
only learn (i.e., model) linearly separable functions (Minsky and Papert 1969),
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Fig. 6.12 (a) Truth table for a

the XOR function and (b) the X1 | X2 ||xXOR
required outputs in feature 0 0 0
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research into neural networks declined. However, it was revived in the 1980s when
it was shown that multilayer networks could learn nonlinearly separable functions
(Parker 1985; Le Cun 1986).

For a single perceptron with two binary inputs and one binary output, there are
four possible input patterns each of which can produce a “0” or a “1.” Of the 16
possible logic functions, only 14 (those that are linearly separable) can be realized.
The two that cannot be learned are the exclusive OR (XOR) and the exclusive NOR
functions.

However, there is a trick to implementing the XOR function using a linear
function. It involves using a third (dummy) input, which transforms the problem
into three dimensions (Fig. 6.13). The dummy input does not change the data when
looked at in the (x, x,) plane (which is the floor of the cube in Fig. 6.13), but moves
the point [(1,1)] along a third dimension (x3). This allows a plane to separate the two
classes.

X1 X X3 Output
0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 0

The third input, x3, is obtained from the first two inputs (by ANDing them);
so that we have effectively introduced another layer into the network. (We will
return to multilayer networks shortly).
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Fig. 6.13 The decision plane
(in three dimensions) for the
XOR problem, using an
additional (dummy) input, X3
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Returning to the general case of a single neuron, the output, y, in general is

n
y = Z WiX; + wo = W' X + wp (6.4)
=1

where w is the weight vector and wy is the bias, an intercept value to make the
model more general that comes from an extra bias unit xo, which is always +1 (w' is
the transpose of w, used to make it into a column vector). We can write the output as
a dot product (sometimes referred to as a scalar product, or inner product).

y=wl-x (6.5)

where w and x are augmented vectors that include the bias weight (and the
threshold, 0 = 0). (Remember that the dot product of two vectors, a and b,
a-b = llalllibll cos 6, where llall is the length of the vector a, and 6 is the angle
between the two vectors).

Neural networks learn using an algorithm called backpropagation. The input
data are repeatedly presented to the network. With each presentation, the output of
the network is compared to the desired output and an error is computed. This error is
then fed back (backpropagated) to the neural network and used to adjust the weights
such that the error decreases with each iteration and the neural model gets closer
and closer to producing the desired output. This process is known as training.

During training, the weights are adjusted until the outputs of the perceptron become
consistent with the true outputs of the training examples, y;. The weights are initially
assigned to small random values and the training examples are used one after another
to tweak the weights in the network: all the examples are used, and then the whole
process is iterated until all examples are correctly classified by the output. This
constitutes learning. Mathematically, after the initial random weights are chosen, the
predicted outputs y;*’ are computed; and then each weight w; is updated according to

wi Y =W L — 3 ) (6.6)
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Fig. 6.14 (a) A small value of 7 results in slow convergence, while (b) a large value of 7 can result
in divergence!

where w* is the weight associated with the ith input link after the kth iteration, 7 is
known as the learning rate, and w;; is the value of the jth attribute of the training
parameter X;. In the weight update formula, links that contribute most to the error
term are the ones that require the largest adjustment. However, the weights should
not be changed too drastically because the error term is computed only for the
current training example: otherwise, the adjustments made in earlier iterations will
be undone. The learning rate (between O and 1, but typically set to 0.1 < n < 0.4)
is used to control the amount of adjustments made in each iteration. If  ~ 0, then
the new weight is mostly influenced by the old weight; if  ~ 1, then the new weight
is sensitive to the adjustment in the current iteration. Learning continues until either
the iteration error, y; — ¥, ) , is less than a user-specified threshold or a
predetermined number of iterations has been completed.

The weight learning problem can be seen as finding the global minimum error,
calculated as the proportion of misclassified training examples, over a space
where all the input values can vary. Therefore, it is possible to move too far in a
direction and improve one particular weight to the detriment of the overall sum.
While the sum may work for the training example being looked at, it may no
longer be a good value for classifying all the examples correctly. For this reason, n
restricts the amount of movement possible. If a large movement is actually
required for a weight, then this will happen over a series of iterations through
the example set. If 7 is too small, the weights change very little at each step, and
the algorithm takes a long time to converge (Fig. 6.14a). Conversely, if 7 is too
large we may bounce around the error surface with the algorithm diverging
(Fig. 6.14b): this usually ends up with an overflow error in the computer’s
floating-point arithmetic.

Sometimes, 77 is set to decay as the number of such iterations through the whole
set of training examples increases, so that it can move more slowly toward the
global minimum in order not to overshoot in one direction. (This is the kind of
gradient descent used in the learning algorithm for multilayered networks).
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Example 6.1 Learning

For a neuron with two inputs, we can easily decide what weights to use to give us
the correct output, but with more complex functions (more inputs or more
layers) it will not be so easy to decide. We would like our perceptron to
“learn” so that it can come up with its own weights. Let us consider the AND
function again (Fig. 6.11). We want to be able to assign random weights, and to
train the perceptron to give the correct output (which we will present as the
training value required) by adjusting these weights as it is presented with the
entire training set (this presentation being known as an epoch) a number of
times. This adjusting of the weights will proceed according to (6.6).

Look at the spreadsheet, perceptron.xls (downloadable from http://
extras.springer.com), which allows us to learn simple functions such as AND.

If we start with weights of wy = w; = w, = 0.5, and present the network
with the first training pair ([0,0]), from the first epoch, the network produces an
output of 1, when it should produce a O: the error is —1 and so the weights will
change. Using (6.6) and a learning rate, n = 0.1,

wo=05+(0.1x1x —1)=04
w, =05+ (0.1x0x —1)=05
wy =05+ (0.1x0x —1)=05

These values become the new weights. The next training pair ([0,1]) also
produces a 1, when it should produce a 0, and so again the weights need to be re-
computed. The following training pair ([1,0]) also produces an output of 1, when
the required output is 0, and the weights have to be adjusted again. Finally, we
apply the input ([1,1]) to the network. This produces an output of 1, which is the
required output: no error has occurred here, so the weights remain the same.
As this presentation of the epoch produced three errors, we need to continue the
training and present the network with another epoch. Training continues until an
epoch is presented that does not produce an error (i.e., until the outputs
have converged on the required outputs); at this stage, after the fourth epoch,
the weights have become —0.3, 0.2, and 0.2 respectively. These are different
values for the weights to those in Fig. 6.11c, but the weights are in the same ratio
so that the resulting decision boundary turns out to be the same. (But note that
the decision boundary could be moved around a little and still implement the
AND function: it just needs to be able to distinguish the two classes).

We could keep track of the decision boundary after each epoch, and plot
them, confirming that only after the fourth epoch is the decision boundary able
to discriminate the two classes of output.

What is the effect of changing the starting weights?

What happens if the learning rate, ), is changed?

What happens if you try to get the perceptron to learn the OR, NAND, and
XOR functions?
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The perceptron learning algorithm does not terminate if the learning set is not
linearly separable. In many real-world cases, however, we may want to find the “best”
linear separation even when the learning sets are not ideal. The pocket algorithm
(Gallant 1990) is a modification of the perceptron rule. It solves the stability problem
by storing the best weight vector so far in its “pocket” while continuing to learn. The
weights are actually modified only if a better weight vector is found. In another
variant, ADALINE (Adaptive Linear Element or Adaptive Linear Neuron), a
correction is applied to the weights (using approximate gradient descent) before the
thresholding step (Widrow and Hoff 1960).

We could make our perceptron even more useful by arranging to use an
activation function at the output other than the threshold function. Examples of
other activation functions which are in common use include the linear function,
the sigmoid (logistic) function

y = sigmoid(o) = 1/(1 + exp(—w'x) (6.7)

which would give a smooth transition between the low and high input of the neuron,
and the hyperbolic tangent (tan/) function (Fig. 6.15).

In a neural network, large numbers of simple elements (neurons) are connected
together in a variable topology. The objective is to develop a topology during
training so that patterns are correctly classified. The network is dynamic since
the weights and activation functions can change over time. In a multilayer
network [or multilayer perceptron (MLP)], the neurons are arranged in a layered
configuration containing an input layer, one or two “hidden” layers, and an output
layer. Figure 6.16 shows a two-layer network (the input neurons are not normally
form a layer since they are just a means of getting the data into the network: the
hidden layer is the first layer, and the output layer is the second layer) with four
inputs, five hidden nodes, and one output. In a feed-forward network, the nodes in
one layer are connected only to the nodes in the next layer. (In a recurrent
network, the nodes can connect to others in the same or previous layers).

Training optimizes all of the weights and threshold values (or other activation
function parameters) using some fraction of the available data. Optimization
routines can be used to determine the ideal topology and the nature of the activa-
tion functions.

The universal approximation theorem (Cybenko 1989; Hornik 1991) for ANNs
states that every continuous function that maps intervals of real numbers to some
output interval of real numbers can be approximated arbitrarily closely by a
multilayer perceptron with just one hidden layer. Having two hidden layers rarely
improves the situation, and may introduce a greater risk of converging to a local
minimum. (Note that two hidden layers are required for data with discontinuities).

One of the most important questions is how many neurons to use in the hidden
layer. If an inadequate number of neurons is used, the network will be unable to
model complex data and the resulting fit will be poor. If too many neurons are used,
the training time may become excessively long, and, worse, the network may overfit
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Fig. 6.15 Activation functions (a) linear, (b) sigmoid, where changing the weight, w, alters the
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the data. When overfitting occurs, the network will begin to model random noise
in the data. The result is that the model fits the training data extremely well, but
it generalizes poorly to new, test data. Validation must be used to check for this.
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Example 6.2 Implementation of the logical XOR function

X X2 Y
0 0 0
0 1 1
1 0 1
1 1 0

Let us return to the XOR function, which we saw could not be solved using a
decision boundary that is a single line (Fig. 6.12). However, two discriminant
lines could be used to separate “true” from “false” (Fig. 6.17a); the discriminant
functions could be

Y1 = X2 — X - 0.5
Yo =x —x1 +0.5

which would require a two-layer network (Fig. 6.17b), with wy; = wj, = —1;
Woy = wap = 1; by = —0.5; and b, = 0.5. We could also make w; = —1,
w, = 1 and by = 0. (What are the three required thresholds?)

Alternatively, we could have w;  =wp =wy =wpn =1 w =1,
wy = —1: by = by = by = —0.5. For an input of (1,0), the input to the top
neuron in the hidden layer is 0.5, which is above the threshold (0), so that this
neuron fires giving an output of 1. The input to the bottom neuron in the hidden
layer is 0, so it does not fire and the output is 0. The signal reaching the output
neuron is then 0.5, so this neuron fires to give an output of 1. 